CLUSTER TILTING FOR HIGHER AUSLANDER ALGEBRAS 



OSAMU lYAMA 



Abstract. The concept of cluster tilting gives a higher analogue of classical Auslander correspondence 
between representation-finite algebras and Auslander algebras. The n- Auslander- Reiten translation 
functor T„ plays an important role in the study of n-cluster tilting subcategories. We study the category 
Mn of preinjective-like modules obtained by applying t„ to injective modules repeatedly. We call a 
finite dimensional algebra A n-complete if Mn = addM for an n-cluster tilting object M. Our main 
result asserts that the endomorphism algebra Endyv(M) is (n -|- l)-complete. This gives an inductive 
construction of n-complete algebras. For example, any representation-finite hereditary algebra A^^' is 1- 
complete. Hence the Auslander algebra A^^' of A'^^ is 2-complete. Moreover, for any n > 1, we have an 
n-complete algebra A'"' which has an n- cluster tilting object M(") such that A("+l) = End^(„) (M(")). 
We give the presentation of A'") by a quiver with relations. We apply our results to construct n-cluster 
tilting subcategories of derived categories of n-complete algebras. 
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The concept of cluster tilting |BMRRT] is fundamental to categorify Fomin-Zelevinsky cluster algebras 
[FZj . and a fruitful theory has been developped in recent years (see survey papers [BuMl iRel IRini IK] ) . It 
also played an important role from the viewpoint of higher analogue of Auslander- Reiten theory [I3lll4lll5] 
in the study of rigid Cohen-Macaulay modules, Calabi-Yau algebras and categories, and non-commutative 
crepant resolutions |BIRScl iBIRSa IBIKRl iGlETl [GLS21 PCLSS . IR, lY, KRl, KR2, KMV, KZ", TOl El] . 
There are a lot of recent work on higher cluster tilting [ABST. ,BaM. ,BT. lEHi, iHZli iHZ2t iHZ3l IJHTI 
IJH2[ m |T1 |Wl El IZZ] . In this paper we shall present a systematic method to construct a series of finite 
dimensional algebras A with n-cluster tilting objects. 

In the representation theory of a representation-finite finite-dimensional algebra A with an additive 
generator M in mod A, the endomorphism algebra F := EndA(M) called the Auslander algebra gives a 
prototype of the use of functor categories in Auslander- Reiten theory. The Auslander algebra F keeps all 
information of the category mod A in its algebraic structure, and it is a prominent result due to Auslander 
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[All lARS] that Auslander algebras are characterized by 'regularity of dimension two' 



gl. dimF < 2 < dom. dimF. 

Since almost split sequences in mod A correspond to minimal projective resolutions of simple F-modules, 
the Auslander- Reiten quiver of A coincides with the quiver of F°p. As a result the quiver of F has the 
structure of translation quivers. Moreover, the structure theory due to Riedtmann |Rie] . Bongartz- Gabriel 
[BG| . Igusa-Todorov |IT1[IIT2] . Bautista-Gabriel-Roiter-Salmeron IBGRS| .... realizes Auslander algebras 
as factor algebras of path algebras of translation quivers modulo mesh relations. They can be regarded 
as an analogue of the commutative relation xy — yx in the formal power series ring 5*2 '■— k[[x^y]] of two 
variables since the mesh category of the translation quiver 




gives a universal Galois covering of S2 in Gabriel's sense [G]. This is a basic pattern of Auslander- Reiten 
quivers, so it is suggestive in the representation theory to regard their module categories as a certain 
analogy of 6*2. A typical example is given by the category CM(A) of Cohen-Macaulay modules over a 
quotient singularity A := S2 corresponding to a finite subgroup G of SL(2, k) |A3[ IAR21 IRV) . In this 
case GM(A) has an additive generator 5*2, and the Auslander algebra F := EndA(S'2) is isomorphic to 
the skew group algebra 5*2 * G which is regular in the sense that gl. dimF = 2 = depth F. The Koszul 

(y) {y ^'^) 

complex — > S* 5^ 5 ^> fc — > of 5* induces almost split sequences in CM(A). Hence the 

Auslander- Reiten quiver of A is given by the McKay quiver of G, and forms the translation quiver ZA/r 
associated to an extended Dynkin diagram A. 

It is natural to consider a higher dimensional analogue of this classical theory, and n-cluster tilting 
(^maximal {n — l)-orthogonal) subcategories were introduced in [l3l [14] in this context. The endomor- 
phism algebra F :— EndA(Af) of an n-cluster tilting object M in mod A is called an n- Auslander algebra, 
and characterized by 'regularity of dimension n ^- V 

gl. dimF < n + 1 < dom. dimF. 

It is known that the category add M has n-almost split sequences, which correspond to minimal projective 
resolutions of simple F-modules. It is natural to regard F as analogue of the formal power series ring 
Sn+i '■— k[[xi^ ■ ■ ■ of n + 1 variables. Actually a typical example of n-cluster tilting objects is 

given by a quotient singularity A :— S^^i corresponding to a finite subgroup G of SL(n -I- 1, fc) acting on 
fc"+^\{0} freely. In this case CM(A) has an n-cluster tilting object Sn+i, and the n- Auslander algebra 
F EndA(5'„+i) is isomorphic to the skew group algebra Sn+i * G. Again the Koszul complex of 5' 
induces n-almost split sequences in add S'„+i. So it is natural to hope in a certain generality that n-almost 
split sequences in add M can be constructed as a certain analogue of Koszul complexes of Sn+i, and that 
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the basic pattern of quivers of 71-Auslander algebras is given by the Galois covering 




of ^n+i, which has the set Z"+^ of vertices. 

The aim of this paper is to give a class of finite dimensional algebras with n-cluster tilting objects 
satisfying the desired properties above. Our construction is inductive in the following sense: We introduce 
a class of algebras A called n-complete algebras, which are algebras with 71-cluster tilting objects M 
satisfying certain nice properties. Our main result asserts that the endomorphism algebra F := EndA(Af) 
is (n + l)-complete, hence F has an {n + l)-cluster tilting object N. This procedure continues repeatedly, 
so Endr(-/V) is (n + 2)-complete and has an (n + 2)-cluster tilting object, and so on. We notice here that 
we consider not only n-cluster tilting objects in whole module categories mod A but also those in full 
subcategories 

:= {X e mod A | Ext\{T,X) = (0 < i)} 

associated to tilting A-modules T. Such a generalization is natural from the viewpoint of study of 
Auslander-type conditions [l4l IHIj . and indispensable for our inductive construction to work. It is in- 
teresting that our inductive construction reminds us of a classical result due to Auslander-Reiten jARl) 
which asserts that the category of coherent functors over a dualizing variety again forms a dualizing 
variety. 

In forthcoming papers |IH[ 110 1[ II02[ lOT] n-complete algebras will be studied further. 

Acknowledgement The author would like to thank organizers and participants of "XII International 
Conference on Representations of Algebras" (Torun, August 2007), where results from this paper were 
presented. Part of this work was done while the author visited Boston in April 2008. He would like to 
thank Kiyoshi Igusa and Gordana Todorov and people in Northeastern University for their hospitality. 
He also thanks Zhaoyong Huang, Xiaojin Zhang and an anonymous referee for helpful comments. 

Conventions Throughout this paper, all subcategories are assumed to be full and closed under isomor- 
phism, direct sums, and direct summands. We denote by Jc the Jacobson radical of an additive category 

c [XRsirsss] . 

All modules are usually right modules, and the composition fg of morphisms means first g, then /. 
We denote by mod A the category of finitely generated A-modules, by Ja the Jacobson radical of A. For 
M G mod A, we denote by add M the subcategory of mod A consisting of direct summands of finite direct 
sums of copies of M. For example add A is the category pr A of finitely generated projective A-modules, 
and add DA is the category in A of finitely generated injective A-modules. 



4 



OSAMU lYAMA 



1. Our results 

In this section, we shall present our results in this paper. Let A be a finite dimensional algebra. 

1.1. n-cluster tilting in module categories. Let us recall a classical concept due to Auslander-Smalo 

|ASm| . A subcategory C of an additive category X is called contravariantly finite if for any X ^ X, there 

f 

exists a morphisni / e Hom;f (C, X) with C G C such that Hom^f (— , C) Honi;t( — , X) ^> is exact on 
C. Dually a covariantly finite subcategory is defined. A contravariantly and covariantly finite subcategory 
is called functorially finite. 

Definition 1.1. Let n > 1. Let C be a subcategory o/modA. We call C ri-rigid i/ Ext\ (C,C) — for 
any < i < n. We call C n-cluster tilting if it is functorially finite and 

C = {X e modA I ExtX(A:,C) = (0 < i < n)} 

= {a: e modA I ExtX(C,A:) = (0 < i < n)}. 

This equality can be understood such that the pair (C,C) forms a 'cotorsion pair' with respect to Ext* for 
< i < n. We call an object C G mod A 7i-cluster tilting (respectively, n-rigidj if so is addC. Clearly 
mod A is a unique 1-cluster tilting subcategory, and 2-cluster tilting subcategories are often called cluster 
tilting. 

Let us start with introducing basic terminologies. We have the duality 

D := Homfc(-, k) : mod A ^ mod A°p. 

We denote by 

V ^ vjy := D HomA(— , A) : mod A — !> mod A and = vj^ := HomAop [D—, A) : mod A — > mod A 

the Nakayama functors of A. They induce mutually quasi-inverse equivalences v : add A add DA and 
i'^ : add 13 A add A. We denote by 

mod A and modA 

the stable categories of modA (ARSiESS] . For a subcategory X of modA, we denote by X^ (respectively, 
X) the corresponding subcategory of modA (respectively, modA). We denote by 

Tr : modA -s-> mod A°P. ft : modA modA and il^ : modA — > modA 

Auslander-Bridger transpose duality, the syzygy functor and the cosyzygy functor [ABrj . 
For n > 1, we define n-Auslander-Reiten translations [K] by 

r„ D Tr 17"-^ : modA modA, 

TrDr2"(""i) : m^A modA. 

They are by definition given as follows: For X e modA, take a minimal projective resolution and a 
minimal injective resolution 

Pn 4 Pn-1 ^ ^Po^^^O and O^X ^Lo^ > /„-i A /„. 

Then we have 

TnX = Kerii^Pn ^ vPn-i) and X = Cok(i^-/„_i ly-L,,). (1) 
The functors t = ti = _D Tr and — — Tv D are classical Auslander-Reiten translations, and we have 
T„ = rfi"^^ and = r^il^'^"^^) by definition. Moreover X G modA satisfies r„X = (respectively, 
= 0) if and only if pd^A < n (respectively, idXA < n). 
For the case gl.dimA < n, clearly r„ and t~ are induced by the functors £)ExtA(— ,A) : modA — > 
modA and ExtAop (£>— , A) : modA modA respectively. In this case, we always lift t„ and to 
endofunctors of mod A by putting 

r„ := DExtA(-, A) : mod A modA, 
T~ ExtAop(L'-, A) : modA -> modA. 

Then r„ (respectively, t~) clearly preserves monomorphisms (respectively, epimorphisms) in modA. 
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Let US consider the relationship between the functor t„ and n-cluster tilting subcategories. The 
following results [I3l Th. 2.3] show that the functor t„ plays the role of Auslander-Reiten translation for 
n-cluster tilting subcategories. 

Proposition 1.2. (a) For any n-cluster tilting subcategory C of mod A, the functors Tn and t~ 
induce mutually quasi-inverse equivalences Tn ■ C and t~ : C ^ C. 
(b) Tn gives a bijection from isoclasses of indecomposable non-projective objects in C to isoclasses of 
indecomposable non-injective objects in C. 

Immediately we have the following results. 

Proposition 1.3. Let M be an n-cluster tilting object of mod K. 

(a) For any indecomposable object X e add M , precisely one of the following statement holds. 

(i) X is Tn-periodic, i.e. r^X ~ X for some £ > 0. 

(ii) X ~ t/j/ for some indecomposable injective K-module I and £ > 0, and X ~ t^"^P for some 
indecomposable projective K-module P and m > 0. 

(b) A bijection from isoclasses of indecomposable injective A-modules to isoclasses of indecomposable 
projective A-modules is given by I ^-^ ^n I ; where £j is a maximal number i satisfying t^I ^ 0. 

(c) //gl. dimA < n, then the above (i) does not occur. 

Proof. (a)(b) Immediate from Proposition 1 1 . 2f b V 

(c) Fix any indecomposable object X e addM. We consider two possibilities in (a). It is enough 
to show that t^X = holds for some £ > 0. Take an injective hull Q ^ X ^ I . Since r„ preserves 
monomorphisms because gl. dimA < n, we have an exact sequence — > r^A — >■ r^/ for any i > 0. Since 
T^I = holds for sufficiently large I by (b), we have r^A = 0. Thus we have shown the assertion. □ 

These observation motivates to introduce the following analogue of preinjective modules, which was 
studied by Auslander-Solberg for n = 1 I ASoj . 

Definition 1.4. We define the Tn-closure of DK by 

M Mn{Dh) := add{<(L>A) | i > 0} C mod A. 

Immediately from Proposition II .2f a') . we have the following result. 

Proposition 1.5. Any n-cluster tilting subcategory C o/modA contains A4. 

Summarizing Propositions 1 1.3T c) and ll.51 we have the uniqueness result of n-cluster tilting objects for 
algebras A with gi. dimA < n, which is not valid if we drop the assumption gi. dimA < n. 

Theorem 1.6. Assume gl. dimA < n and that A has an n-cluster tilting object M. Then M. = addM 
holds. In particular, M is a unique n-cluster tilting subcategory o/modA. 

Thus the condition gl. dimA < n seems to be basic in the study of n-cluster tilting subcategories. 
We note here that M enjoys nice properties below for the case n = 2, which we shall prove in Section 
[21 In particular, AA provides us a rich source of 2-rigid objects. 

Proposition 1.7. Assume n — 2. 

(a) A4 is 2-rigid. 

(b) Assume gl. dimA < 2. Then A has a 2-cluster tilting object if and only if A E A4. 
Let us calculate A4 for a few examples. 

Example 1.8. Let A and A' be Auslander algebras 

3 5 - 2 

5 - 2 I. >- 3 

X X X X XXX 

6 >■ 4 >■ 1 4 >- 1 
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Then one can calculate 
DA ' - ' 



2 

4 3 
5 



DA' = 



1 2 

3 



r,iDA)^i4(B\(B TUDA) = {,),ri{DA) 

), T2{DA') = {4(S5(S\^), r|pA')=0. 



3 

4 5 
6 



The quivers of Ai-ziDA) and A^2(-DA') are the following, where dotted arrows indicate T2. 




By Proposition ll ■?( a) . we have that J^2{DA) is a 2-cluster tilting subcategory of mod A, while A42{DA') 
is not a 2-cluster tilting subcategory of mod A'. Nevertheless A^2(-DA') can be regarded as a 2-cluster 
tilting subcategory of a certain subcategory of mod A defined as follows. 

Definition 1.9. (Relative version of Definition II .ip Let n > I. Let X be an extension closed subcategory 
o/mod A. We call a subcategory C of X rt-cluster tilting if it is functorially finite and 

C = {X e X \ Exii{X,C) ^0 {0 <i <n)} 
^ {X eX \ Ext\(C, X)^0 iO<i< n)}. 

We call an object C € X n-cluster tilting if so is addC. 

Especially we deal with subcategories X of mod A associated with tilting A-modules. Recall that a 
A-module T is called tilting [M] |H] if there exists m > such that 

• pd Ta < 

• ExtX(T, T) = for any i > 0, 

• there exists an exact sequence -> A — > To • ■ • ^> T„i — with Ti G addT. 
In this case, we have an extension closed subcategory 

= {X e mod A I Ext\(T, a:) = (0 < i)} 

of mod A. This is a functorially finite subcategory of mod A, and plays an important role in tilting theory 
[H] analogous to the category of Cohen-Macaulay modules over commutative rings [ABui IAR3j . 

For tilting modules T with pdTA < m, we call n-cluster tilting subcategories of the category T-^ as 
m-relative. For the case m = (i.e. T-^ = mod A), we use the terminology absolute instead of 0-relative. 
In Example II. 81 Ai2{DA) is an absolute 2-cluster tilting subcategory of A, and A^2(£'A') is a 1-relative 2- 

/ 2 1 3 

cluster tilting subcategory of A associated to a tilting A'-module T—ls © 3^©4^5©4©5©''g^ 

It was shown in 14^ Th. 4.2.1] that 7i-cluster tilting objects are closely related to algebras of finite 
global dimension: 

Theorem 1.10. Let n > 1 and n > m > 0. For a finite dimensional algebra T, the following conditions 
are equivalent. 

(a) There exists a finite dimensional algebra A and an m-relative n-cluster tilting object M of A such 
that F ~ EndA(M). 

(b) The following conditions are satisfied. 

(i) gl. dimF <n-^l. 
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(ii) The minimal injective resolution 

^ r ^ /o ^ > /„ ^ /„+i ^ 

of the T-module T satisfies pd(/i)r < rn for any < i < n. 

(iii) The opposite side version of (ii). 

In this case we call T an (m-relative) n- Auslander algebra (of A) . 

Now let us formalize Examples 11.81 where A4 give a relative n-cluster tilting subcategory. 

Definition 1.11. Let A be a finite dimensional algebra and n>l. Let Ai = Mn{DA) be the Tn-closure 
of DA. We define subcategories of A4 by 

I{M) addZJA, 

V{M) := {X eM\ ^dXA<n} = {X eM\TnX = Q}, 

Ail := {X ^ M \ X has no non-zero summands in I(A^)}, 

Mp := {X Cz A4 \ X has no non-zero summands in V{M)}. 

• We call A T„-finite if g\. dim A < n and t^^{DA) = holds for sufficiently large £. In this case, it 
is easily shown that — holds (e.g. Proof of Provosition \77W c)). 

• We call A n-complete i/gl. dimA < n and the following conditions (An)-(Cn) are satisfied. 
(A„) There exists a tilting A-module T satisfying 'P{M.) = addT, 

(B„) Ai is an n-cluster tilting subcategory of , 
(C„) ExtX(Xp, A) = for any < i < n. 
We call A absolutely n-complete if V{Ai) = add A. 

We have the properties of n-complete algebras below, which we shall prove in Section[5] The statement 
(a)-(c) are similar to Proposition II. 21 and II. 3f b). 

Proposition 1.12. Let A be an n-complete algebra. 

(a) We have mutually quasi-inverse equivalences t„ : Aip — S> Aii and r,^ : Aij A4p. 

(b) T„ gives a bijection from isoclasses of indecomposable objects in Aip to those in Aii. 

(c) A bijection from isoclasses of indecomposable objects in I{A4) to those in T'{A4) is given by 
I ^ T^' I, where ij is a maximal number £ satisfying t^I ^ 0. 

(d) A is Tn- finite. 

In particular, if A is n-complete, then Ai has an additive generator M by (d) above. We call EndA(M) 
the cone of A. This is by definition an (n — l)-relative n-Auslander algebra of A. 

For example, any finite dimensional algebra A with gl. dimA < n is clearly n-complete since M. = 
ViAd) — T{Ai) — add -DA holds. It is interesting to know a characterization of n-complete algebras. 
For the case n = 1, we have a nice characterization (a) below. Also the following (b) gives a simple 
interpretation of absolute n-completeness. 

Proposition 1.13. (a) A finite dimensional algebra is 1-complete if and only if it is representation- 
finite and hereditary. 

(b) A finite dimensional algebra A is absolutely n-complete if and only if gl. dimA < n and A has an 
absolute n-cluster tilting object. 

Proof, (b) Since the 'only if part is clear, we only have to show the 'if part. By Theorem ll.61 we have 
that Ai is an n-cluster tilting subcategory of mod A. Thus (C„) holds. By Propositions ll.2r b) and ll.Sf b). 
we have that A is T„-finite and P{Ai) = add A hold. Thus (A„) and (B„) also holds. 

(a) Any 1-complete algebra is absolutely 1-complete by definition. Since absolute 1-cluster tilting 
objects are nothing but additive generators of mod A, the assertion follows from (b). □ 

Now we state our main theorem in this paper. It gives an inductive construction of algebras with 
n-clustcr tilting objects. 

Theorem 1.14. For any n > 1, the cone of an n-complete algebra is {n + l)-complete. 
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For the case n = 1, we have the result below immediately from Proposition ll . 13f a) and Theorem 1 1.1 41 
This explains the reason why the Auslander algebras in Example 11.81 have 2-cluster tilting objects. 

Corollary 1.15. Let A be a representation-finite hereditary algebra and T an Auslander algebra of A. 
Then T has a l-relative 2-cluster tilting object. 

Our Theorem II . 141 gives the following inductive construction of algebras with n-cluster tilting objects. 

Corollary 1.16. Let A^^"^ be a representation-finite hereditary algebra. Then there exists an algebra A*^"^ 
for any n>l such that A^") is an n-complete algebra with the cone 

The quivers with relations of these algebras A^") will be given in Theorem 16. 121 

Now we apply Corollarv 11.161 to a special case. We denote by T,n{F) the m x m upper triangular 
matrix algebra over an algebra F. They form an important class of algebras by the following easy fact. 

Proposition 1.17. Let A be a ring-indecomposable finite dimensional algebra. Then gl.dimA < 1 < 
doni. dim A holds if and only if A is Morita equivalent to T„i{F) for some division algebra F and m > 1. 

Proof. We provide a proof for the convenience of the reader. 

Since dom. dimA > 1, there exists an indecomposable projective-injective A-module Pi. Put Pi :— 
PiJ^~^ for any i > 0. Then there exists m > 1 such that Pm+i — 0. Since gl.dimA < 1, each Pi is a 
projective A-module. Since socPi is simple, each Pi is indecomposable, and so Pi has a unique maximal 
submodule Pi+i. Consequently Pi has a unique composition series 

Pi D P2 D ■ • • D P,„ D P^+i - 0. 

We often use the fact that any non-zero morphism between indecomposable projective modules is injective, 
which is a conclusion of gl.dimA < 1. In particular F :— EndA(Pi) is a division algebra. Put P :— 

®m p 
i=l 

(i) We shall show that EndA(P) ^ Tm{F). 

Since Pi is injective, any non-zero morphism Pi — > Pj extends to a morphism Pi — > Pi, which is an 



isomorphism. Thus we have 

HomA (P^,P,) 



(»<j), 
F {i>3). 



This implies the assertion. 

(ii) We shall show that P is a progenerator of A. 

Since A is ring-indecomposable, we only have to show that, for any indecomposable projective A- 
module Q such that HomA(Q, P) ^ or HomA(P, Q) ^ 0, we have Q G add P. If HomA((3, P) ^ 0, then 
HomA(Q, Pi) 7^ 0. Thus Q is a submodule of Pi, and we have Q — Pi for some i. If IIomA(P, Q) ^ 0, then 
IIomA((5, Pi) ^ since Pi is an injective hull of each Pi. Thus Q e addP by the previous observation. □ 

Applying Corollarv II. 161 to T„i{F), we have a family of algebras with n-cluster tilting objects. More- 
over, they are absolute by the following result. 

Theorem 1.18. For any division algebra F and m > 1, there exists an algebra Tm\F) for any n>l 
such that Tm\F) = Tm{F) and Tm\F) is an absolutely n-complete algebra with the cone Tm~^^\F) . 

The quiver ofTt\k) win be given in Theorem 16. 12l as follows. It looks like an {n -\- l)-simplex. The 

relations are given by commutative relations for each small square, and zero relations for each small half 
square. 



• • • 

^ ^ ^ ^ ^ ^ 

• • • • • 

;^ ^ ^ 
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While there are a lot of algebras with relative n-cluster tilting objects, algebras with absolute n-cluster 
tilting objects are rather rare. In fact the following result shows a certain converse of Theorem ll.181 

Theorem 1.19. Let A be a ring-indecomposable finite dimensional algebra satisfying gl. diniA < n < 
dom. dimA for some n > 1. Then A has an absolute n-cluster tilting subcategory if and only if A is 
Morita equivalent to Tm\F) for some division algebra F and m > 1. 

For example an Auslander algebra F of a ring-indecomposable representation-finite algebra A has an 
absolute 2-cluster tilting object if and only if A is Morita equivalent to Tm {F) for some division algebra 
F and m > 1. 

A key step to prove Theorem 11.191 is the following more explicit version of Auslander correspondence 
(Theorem ll.lOp . which will be shown in Proposition 3121 

Theorem 1.20. Let n > 1. For a finite dimensional algebra F, the following conditions are equivalent. 

(a) There exists a finite dimensional algebra A with gl. dimA < n and an absolute n-cluster tilting 
object M of A such that F ~ EndA(M). 

(b) gl. dimF < n + 1 < dom. dimF and Extp(I?F, F) = for any < i < n. 

In forthcoming papers |IH[ IIOl( 1102] . absolutely n-complete algebras will be called n-representation- 
finite algebras and a lot of examples will be constructed. Also combinatorial aspects of Tm\F) will be 
studied in [OT] . 

1.2. n-cluster tilting in derived categories. In Scction[5l we construct n-cluster tilting subcategories 
in triangulated categories. Let A be a finite dimensional algebra with idAA = id Aa < oo. We denote by 

P:=/C'^(prA) 

the homotopy category of bounded complexes of finitely generated projective A-modules, and we identify 
it with K^ihiK) in the derived category of A. As in Definition 1 1.1[ we call a functorially finite subcategory 
C of P n-cluster tilting if 

C = {a: G P I Homx.(A:,CH) = (0 < i < n)} 

= {X e 23 I Homi,(C,X[i]) ^ (0 < i < n)}. 

If mod A has an absolute n-cluster tilting subcategory and gl. dimA < n, then T> also has an n-cluster 
tilting subcategory by the following result. 

Theorem 1.21. Let A be a finite dimensional algebra with gi. dimA <n. If C is an absolute n-cluster 
tilting subcategory o/modA, then 

C[nZ] &M{X[ln] | AT e C, £ £ Z} (2) 
is an n-cluster tilting subcategory ofT>. 

Notice that we can not drop the assumption that C is absolute. 

For the case n = 1, we have C[Z] = D, which means the well-known fact that any object in 23 is a direct 
sum of stalk complexes if A is hereditary. It is natural to hope that C[nZ] forms an [n + 2)-angulated 
category under a certain proper definition ([GKO]). 
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In Theorem l6.121 we draw Auslander-Reiten quivers of C[nZ] for A = T^\k) as follows. The relations 



are again given by commutative relations for each small square, and zero rela 
square 



^ ^ ^ ^ ^ 

^ ^ ^ ^ ^ 

• • • 

^ ^ ^ ^ ^ ^ 



rf >(fc) 



ions for each small half 



\ 

• \ 




We also give another construction of an n-cluster tilting subcategory of T) by using derived analogue 
of n-Auslander-Reiten translations. Recall that there exists an autoequivalence 

S := £> o RHomA(-, A) ~ - (|)a (DA) -.V ^V, 
which gives the Serre functor of I?, i.e. there exists a functorial isomorphism 

Homi,(A, Y) ~ L>Homc(y, SA) 
for any A, F G 2? HI IBK] . We define an autoequivalence of V by 

S„ := S o [-n] -.V^V. 

Any n-cluster tilting subcategory C of 2? satisfies C = S„C = S~^C [IY[ Prop. 3.4]. Therefore S„ plays 
the role of n- Auslander-Reiten translations, and it is natural to introduce the following subcategory. 

Definition 1.22. Define the S„-closure of an object X ^ V by 

Un{X) = i,dd{Si{X) \£eZ}. 

The categories A^„(DA) and Un{DA) are closely related since ~ H^{Sf^—) holds on mod A for any 
^ > if gl. dimA < n by Lemma [5.51 In particular, C[nZ] — Z^„(A) holds in Theorem 11.211 if C has an 
additive generator. 

We shall study the problem whether Un{A.) is an rt-cluster tilting subcategory of V. For a hereditary 
algebra A, one can easily show that Ui{A) is a 1-cluster tilting subcategory of V if and only if A is 
representation-finite. This observation suggests that it is related to the rt-complete property. In fact we 
have the following another main result in Section [S] 

Theorem 1.23. Let A be a Tn- finite algebra. Then Z^„(A) is an n-cluster tilting subcategory of V. 
Moreover, Un{T) is an n-cluster tilting subcategory of D for any tilting complex T Cz T) satisfying 
gl. dim Endx) (T) < n. 
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As a special case, if gl. dim A < n and T is a tilting A-module with pd Ta < 1, then gl. dimEndu(r) < n 
holds and W„(T) is an n-cluster tilting subcategory of V. This generalizes the construction of 2-cluster 
tilting objects in cluster categories using tilting modules given in [BMRRT] as well as recent work of Amiot 
[XmTl Prop. 5.4.2] (see also [S5l2l Th. 4.10]) and Barot-Fernandcz-Platzeck-Pratti-Trepode jBFPPT) . 

As a special case of Theorem nisi Z^„(A(")) forms an n-cluster tilting subcategory of V for algebras 
given in Corollarv ll.161 The quivers with relations of these categories will be given in Theorem 16. 121 

At the end of this section, we note the following left-right symmetry of r„-finite algebras, which will 
be shown in Section [5j 

Proposition 1.24. A finite dimensional algebra A is Tn-finite if and only if is Tn-finite. 
We notice that easy examples show that n-completeness is not left-right symmetric (e.g. |I01) ). 

2. Preliminaries 

In this section, we give some preliminary results. Let us start with some properties of n-cluster titing 
objects. 

Definition 2.1. Let C be a Krull-Schmidt category. 

(a) For an object X (£C, a morphism fo £ Jc{X,Ci) is called left almost split if Ci and 

Homc(Ci,-)^ Jc(X,-)^0 

is exact on C. A left minimal and left almost split morphism is called a source morphism. 

(b) We call a complex 

X HCihC2^--- (3) 

a source sequence of X if the following conditions are satisfied. 

(i) Ci € C and fi G Jc for any i, 

(ii) we have the following exact sequence on C. 

■■■h Homc(C2, -) h Homc(Ci, -) H Jc{X, -) ^ (4) 

A sink morphism and a sink sequence are defined dually. 

(c) We call a complex 

0-^A->Ci-^C2^ >Cn^Y ^0 

an n-almost split sequence if this is a source sequence of X £ C and a sink sequence ofYEC. 

A source sequence ^ corresponds to a minimal projective resolution Q of a functor Jc{X, — ) on C. 
Thus any indecomposable object X £ C has a unique source sequence up to isomorphisms of complexes 
if it exists. 

Let us recall basic results for rt-cluster tilting subcategories. 

Theorem 2.2. Let K be a finite dimensional algebra and n > 1. Let T be a tilting A-module with 
pdTA < n. 

(a) Let C be an n-cluster tilting subcategory of . 

(i) Any indecomposable object X G C\addDA (respectively, Y € C\addTj has an n-almost 
split sequence 

^ X ^ Ci ^ C2 ^ >Cn^Y ^0 

such that y ~ r,7A and X ~ T„y. 

(ii) Any indecomposable object X £ add DA has a source sequence of the form 

X ^C'l^ >Cn^O. 

(iii) Any indecomposable object X G addT has a sink sequence of the form 

^ C„ ^ >Ci^X. 
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(b) Let C — addAf be an n-rigid subcategory of satisfying T ® DK G C. Then the following 
conditions are equivalent. 

(i) C is an n-cluster tilting subcategory ofT^. 

(ii) r := EndA(M) satisfies gl. dimT < n + 1. 

(iii) Any indecomposable object X ^ C has a source sequence of the form 

X^Ci^ > Ga+l ^ 0. 

Proof. In 14^, n-cluster tilting subcategories of the category 

= {X mod A I ExtX(X, t/) (0 < i)}. 

for a cotilting A-module U is treated instead of . We can apply results in [M] since DT is a cotilting 
A°P-niodule with idA(DT) < n + 1, and C is an n-cluster tilting subcategory of if and only if DC is 
an n-cluster tilting subcategory of ^ {DT) . 

(a) (i) This is shown in [H Th. 2.5.3]. 

(ii) It is easily shown (cf. [I4l Prop. 2.4.1(2-^)]) that there exists an exact sequence Xj socX -> 
Ci C„ ^ such that £ C and 

IIomA(C„, -) ^ ■ • ■ ^ HoniA(Ci, -) HoniA(X/ socX, -) 

is exact on C Connecting with the natural surjection X — ^ AT/socX, we have a source sequence X — > 
Ci —>••■—!> C„ of the desired form. 

(iii) Let V := EndA(r). Then DT is a cotihing T-module, and Tihing theorem [Hi |M] gives an 
equivalence 

F = HomA(T, -):T^^ ^iDT)r 
which preserves Ext-groups. Thus we have an n-cluster tilting subcategory FC of ^{DT)r. For any 
indecomposable object X e addTA, there exists a sink sequence — C„ — > ■ • • ^ Co ^> FX of the 
indecomposable projective F- module FX with Ci G FC by the dual of (ii). Applying the quasi-inverse of 
F, we have the desired sink sequence of X. 

(b) (i)^(ii) Apply P Th. 5.1(3)] for d := and m idAiDT) < n. 

(ii)<^(iii) Cn+2 — holds in the source sequence @ if and only if the simple r°P-module top HomA(X, M) 
has projective dimension at most n -I- 1. Since gl. dimT < n -I- 1 if and only if any simple r°P-module has 
projective dimension at most n -|- 1, we have the assertion. □ 

Put 

Gn := {X e modA I ExtX(A:,A) = (0 < i < n)}, 
■Hn ■■= {X e mod A I ExtX(i:>A,X) = {0 < i < n)}. 

Lemma 2.3. Let A be a finite dimensional algebra with gl. dim A < n and X £ mod A. 

(a) We have mutually quasi-inverse equivalences 

r„ = DExtl{-,A) : g„ ^ Hn and r" = Ext^op(D-, A) : Hn ^ On- 

(b) If X has no non-zero projective summands and Ext\(X, A) = for any < i < n, then X G Gn- 

(c) If X has no non-zero injective summands and Ext\(-DA, X) — for any < i < n, then X £ Hn- 

Proof. Although the assertions are elementary, we provide a proof for the convenience of the reader, 
(a) For X € Gn, take a projective resolution 

-> f„ ^ > Po^X ^0. (5) 

Applying we have an exact sequence 

^ TnX ^ I^Pn ^ >I^P0^0 (6) 

where we use Ext\{X,A) — for any < i < n. The sequence (jl]) gives an injective resolution of TnX. 
Applying i'" to ([B]), we have a complex 

O^Pn^ >Pq^O 
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whose homology at Pi is Ext^ *(DA,t„X). Comparing with ([5]), we have r„X £ Hn and r„ t„X 2± X. 

(b) Take a projective resolution 

0^ Pn^ > Pi h Po ^ X ^ 0. 

Applying HomA(— , A), we have an exact sequence 

^ HomA(X, A) ^ HomA(Po, A) h HomA(Pi, A) ^ > HomA(F„, A) ^ ExtX(X, A) ^ 0. 

Since X has no non-zero projective summand, fi is left minimal. Since HomA(— , A) : addAA — addAA 
is an equivalence, /i : HomA(Po,A) HomA(Pi,A) is right minimal. Since /o : HomA(A', A) — > 
HomA(Po7 A) is a split monomorphism by gl. dim A < n, we have HomA(A', A) = and X d Qn- 

(c) This is dual of (b). □ 

Lemma 2.4. Let A be a finite dimensional algebra with gl. dimA < n and M. the Tn-closure of DA 
satisfying the condition (Cn) in Definition ll.lll Then we have the following. 

(a) We have full functors 

Tn = DExtl{-,A) -.M^M and T- ^ Ext^op (i:*-, A) : M ^ M 
which give mutually quasi-inverse equivalences 

Tn ■■ Mp ^ Mi and : Mi Mp. 

(b) r„ gives a bijection from isoclasses of indecomposable objects in Mp to those in Mi- 

(c) Mp C Qn and Mi C Un- 

(d) HomA(7Wp,7'(X)) =0. 

(e) HomA«pA), t^^DA)) = for any i < j. 

Proof. (a)(c) We have Mp C Gn by the condition (C„) and Lemma [^^T b). By Lemma I^T^l a). we have a 
fully faithful functor Tn : Mp ^ T-Ln- By our construction of A^, we have Tn{Mp) ~ Mi. Thus we have 
an equivalence Tn : Mp ^ Mi with quasi- inverse t~. Since Tn{V{M)) = and Tn{X{M)) = 0, we have 
fuU functors Tn : M ^ M and t^ : M ^ M. 
(b) Immediate from (a). 

(d) For any X G V{M), take a projective resolution 

Pn-i > Po^ X ^0. 

Applying HomA(A^p, — ) and using Ext\(A1p, A) — for any < i < n, we have IIouia{Mp,X) — 0. 

(e) We have Mi C H„ by (c), so HomA(£'A, Tj^~*(Z)A)) = 0. Since Tn : M ^ Mi is a fuh functor by 
(a), we have HomA(T» (DA), tI{DK)) =0. □ 

Now we shall prove Proposition II. 121 

By Lemma [231 we have (a)-(c) Immediately. The assertion (d) follows immediately from (c). □ 
We give the following general property of T„-closures. 

Proposition 2.5. Let A be a finite dimensional algebra and M the Tn -closure of DA. 

(a) // Ext\(A^p, A) = holds for any 1 < i < n, then M is n-rigid. 

(b) If n — 2 , then M is 2-rigid. 

For the proof, we need the following general observation. 

Lemma 2.6. Let A be a finite dimensional algebra, X,Y £ mod A and < i < n. //Ext;J^(X, A) = for 
any n — i < j < n, then we have a surjection Ext^~*(A", 1") — >■ DFixt^^{Y,TnX) . 

Proof. By Auslander-Reiten duality, we have 

D'E^t\{Y,TnX) ~ DE-Kt\{n'-^Y,Tn'''-^X) - Hom ^m"-^X Q'-^Y). 

Since we assumed Ext^(Ar, A) = for n — « < j < n, it is easily checked (e.g. |A21 7.4]) that 

Uom jn'^-^X, n'-^Y) - Rom ,(n''~'X.Y). 
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Since in general we have a surjection 

Extrvx.y) ^ Honi^f»"-'x.y). 

we have the desired surjection. □ 
Now we shall prove Proposition 12.51 We only have to show (a). 

(i) Let X,Y e M. We shall show that, if Ext\{X, Y) = for any < i < n, then Ext\{Y, r„X) = 
and Ext\(T„X, r„y) = for any < z < n. 

We can assume that X G M-p. Then we have Ext-j^{X,A) — for any 1 < j < n by our assumption. 
Thus we have ExtX(F, t„X) ~ for any < i < n by Lemma \2M Replacing {X,Y) by (Y", r„X), we 
have Ext\(T„X, r„y) = for any < i < n. 

(ii) Let < j, k. Since Ext\{Tl{DA), DA) = for any < i < n, we have Ext\{Tl+'' (DA), t^{DA)) = 
and Ext\{Tl;{DA),T^+''+^{DA)) = for any < i < n by (i). Thus we have Exi\{M,M) = for any 
<i < n. □ 

Now we shall prove Proposition [TT71 It follows from Proposition 12. 5f b) and the following result. 

Lemma 2.7. Assume gl. dim A < n. Then there exists an n-cluster tilting object in mod A if and only if 
M is n-rigid and A Cz Ai. 

Proof, 'only if part is clear from Theorem 11.61 We shall show 'if part. 

(i) Since A G A4, we have that Ai satisfies the condition (C„) in Definition II. 11 1 Thus r„ : A4p — > Mi 
is an equivalence by Lemma [2.4f a). A bijection from isoclasses of indecomposable objects in to 
those in 'P(A^) is given by / M- t^' I, where ij is a maximal number i satisfying r^J 7^ 0. In particular, 
T^{DA) — holds for sufficiently large £, and Ad has an additive generator M. Moreover, we have that 
T^X — holds for any X g mod A by a similar argument as in the proof of Proposition ILSf c) . 

(ii) We shall show that Ext\{X, A^) = for any <i < n implies X e M. 

We know Ext\(r„A', t„7W) = for any < i < n by Lemma [2. 61 By our construction of Ai, we have 
Ext\{TnX,Ai) = for any < i < n. Consequently we have Ext\{T^X,Ai) = for any £ > and 
< i < n. By (i), we can take a maximal number £ > satisfying Y := t^X ^ 0. Since r^F — 0, 
we have pdYX < n. Since we have ExtX(y, A) = for any 0<i<nhyA<EAi, we have that y is a 
projective A- module. Thus we have Y ^ Ai. By Lemma [5^a) again, we have X ~ t^^Y e Ai. 

(iii) By a dual argument, we have that Ext\{Ai, X) = for any < i < n implies X G Ai. Conse- 
quently AI given in (i) is an n-cluster tilting object of mod A. □ 

3. Proof of Theorems 11.141 and 11.181 

Throughout this section we assume that A is n-complete with the r„-closure Ai = add M of DA and 
'P{Ai) = addT unless stated otherwise. We put 

r EndA(Af). 

We have the following result immediately from Theorem 1 1 . lOf a) ^ (b) . 
Lemma 3.1. gl. dimP < n + 1. 
This allows us to put 

r„+i i:)Exti!;+^(-,r) : modP -+ modP, 

T^_^i ExtJ^+p^ P) : mod P mod P. 

Clearly t„+i (respectively, t^_^]^) preserves monomorphisms (respectively, epimorphisms) in mod P. More- 
over X e modP satisfies Tn+iX — (respectively, t^^-^^X ~ 0) if and only if pdXp < n + 1 (respectively, 
idXr < n + 1). We denote by 

M := Mn+iiDT) = add{T;;+i(OT) | i > 0} 

the r„+i-closure of DP. 
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3.1. {n + l)-rigidity of TV. The aim of this subsection is to show that J\f is {n + l)-rigid. As usual, we 
put 

liM) := add DT, 

V{M) := {X eTV I pdXr < n + 1} = {X G I T„+iX = 0}, 
Mi := {X ^ M \ X has no non-zero summands in I{N)}, 
J\fp := {X E Af \ X has no non-zero summands in 7'(A/')}. 

For X (E M, put 

£x ■■= snp{i >0\t^X^ 0}. 
Let us start with the following easy observation. 

Proposition 3.2. (a) £x < oo for any X E M. 

(b) A bijection from isoclasses of indecomposable objects in M to pairs (/, i) of isoclasses of inde- 
composable objects I £ 1^{.M) and < i < ij is given by {I, i) i— >■ t^I. 

Proof, (b) By Lemma [mfb) and the definition of A4, any indecomposable object in A4 can be written 
uniquely as r^J for indecomposable / £ 1[M.) and < z < £/. 

(a) Since M. contains only finitely many isoclasses of indecomposable objects, we have £i < oo for any 
indecomposable / € I{M). Since ^t-;/ = £i — i, we have the assertion. □ 

We put 

Gn+i ■■= {X G modr I ExtHX,r) = (0 < i < n+ 1)}, 
-Hn+i ■■= {X G modr I ExtMLir,^) = (0 < i < n+ 1)}. 
We need the following observation. 
Lemma 3.3. (a) We have functors 

T„+i DExt'^+\-,r) : modP ^ -Hn+i and t'^-^ ^ Eiit'^+\D~,r) : modP ^ Q^+i 
which give mutually quasi-inverse equivalences 

Tji+l : Gn+l n+l and T^i_^i '• T~Ln-irl ^ Qn+l- 

(b) Qn+l and T-Ln+i are Serre subcategories o/modF. 

Proof. We use the properties Theorem II . lOf b) fii) and (iii). 

(a) We have the desired functors since Tn+iX G Hn+i and t^^^X G Gn+i for any X G modF by [111 
6.1]. They give equivalences between Qn+i and Tin+i by Lemma [2T3l 

(b) This follows from HT, Prop. 2.4]. □ 

Define functors 

:= ExtX(M, -) : mod A ^ modP, 
i:iExtX(--,M) : modA ^ modP. 
Put F := and G :— G" for simplicity. They induce equivalences 

F:M^ addP and G : M ^ addDT G JV. 
A crucial role is played by a monomorphism 

a : T„+iG Gr„ 
of functors on A4 given by the following proposition. 

Proposition 3.4. (a) There exists an isomorphism Fv^ ~ G of functors on add A, 

(b) There exists an isomorphism v^F ~ G of functors on M, 

(c) There exist isomorphisms Ft„ ~ G" and Gt^ ~ F" of functors on M., 

(d) There exists a monomorphism a : t„+iG — > Gr„ of functors on A4. 

(e) ax ■ Tn+iGA — > Gt„A is a minimal right T-Ln+i- approximation for any X £ M.. 
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(f) We have a functorial monomorphism 

a ^^„+iGr„ ^ t„_^iGt„ ^ > T„+iGr„ > Gt„. 

Proof. (a)(b) Immediate. 

(c) We only show Ft„ ~ G". Since gl. dim A < n, any X E Ai has a projective resolution 

P„ ^ > Po^X ^0. (7) 

Applying G, we have an exact sequence 

-> G"X ^ Gf„ ^ > GPo -^GX ^0, (8) 

where we use n- rigidity of Ai. On the other hand, applying j^a to (O, we have an exact sequence 

-> TnX -> VaPu VhPn-l- 

Applying F, we have an exact sequence 

^ Ft„X ^ Fj.aP„ ^ Fi/A^n-i . (9) 
Comparing ([5]) and © by using (a), we have a commutative diagram 

G"A: ^ GP„ ^ GP„_i ^ > GPo ^ GX -> 0, 

of exact sequences. Thus we have Fr„X ~ G"Ar. 

(d) Since GP,; ~ Fv^Pi and gl. dim A < n, the sequence (|8]) gives a projective resolution of a F-module 
GX. Applying z^r, we have an exact sequence 

^ r„+iGA: ^ frG"X ^ i^GPn. (10) 

Since i^pG" ~ z^rFT„ ~ Gr„ by (c) and (b) respectively, we have the assertion. 

(e) We have Tn+iGX e Tin+i by Lemma l3.3f a). By pUj) . we have that (GT„X)/(r„+iGX) is a 
submodule of i^rGP^. By Lemma IX^l b). we only have to show that socfrGP„ does not belong to "Hn+i- 
Since 

soc i^GPn — soc VrFvAPn — soc Gi/aPm 
has injective dimension at most n by Theorem I2.2f a)(ii). we have that soci^rGP„ does not belong to 

'Hn+l. 

(f) Since the functor t„+i preserves monomorphisms, we have the assertion by (d). □ 
We need the following general observation, which is valid for arbitrary A with gl. dim A < n. 

Lemma 3.5. Let n > 1 and A a finite dimensional algebra with gl. dim A < n. Let X G mod A and 

— > Xq Xi ■ ■ ■ Xn XnJ^i — >■ 

an exact sequence in mod A with Xi £ add X . 

(a) IfWG mod A satisfies ExtA(W,X) ~ for any < i < n, then we have an exact sequence 

^ HomA(l^, Xo) A • • . A HomA(VK, X„+i) ^ ExtX(W^, Xq) A ■ • • A ExtX(VK, X„+i) ^ 0. 

(b) IfYE mod A satisfies Fixt\{X,Y) = for any < i < n, then we have an exact sequence 

^ HomA(X„+i,r) A . • • A HomA(Xo,y) ^ Ext^(X„+i,y) A • • . A Ext:^(Xo,r) ^ 0. 
Proof. We only prove (a). We can assume n> 1. Put Li Im/i_i. Then we have an exact sequence 

^ L, ^ X, ^ L,+i ^0 (1 < i < n). 
Applying HomA(W^, — ), we have exact sequences 

^ HomA(W^,£,) ^ HomA(W^,X,) ^ HomA(VF, ^ Exti(W^,P,) ^ 0, 

^ Ext;^-i(W^,L,+i) ^ ExtX(W^,L,) ExtX(VK,XO ^ ExtX(VF, L,+i) ^ 0, 
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and an isomorphism 



Exti{W,U+i) ~ Exti+\W,U) {0<j<n- 1). 



Since Li = Xq and = Xn+i belong to addX, we have 



ExtX(Vl^,Li) = (l<i<n) 
Extl~\W,L2) (^ = 7l), 



Extl-'\W,L,+i) ~ Extr'(VK,i.+2) ^ • • • ^ ExtX-i(l^,L„+i) = (1< i < n). 
Thus we have exact sequences 

^ HomA(VK, ii) ^ HomA(T4^, X,) ^ HomA(T4^, ^> (1 < i < n), 

^> ExtA(Vl^,ii) ^ Ext;^(W^,X,) ^ ExtA(W^,ii+i) ^ (K i < n), 

HomA(M^,L„) ^ HomA(T4/,X„) ^ HomA(Ty, L„+i) ^ Ext:i(iy,ii) 

^ ExtA(M^,Xi) ^ Ext^(M^,L2) ^ 0. 
Connecting them, we have the desired exact sequence. □ 

The foUowing result is crucial to study properties of F. 
Lemma 3.6. Let 

^ Mo A Afi A • • • A/„ A 7\f„+i ^ 
&e an exact sequence in mod A with Mi G A4. Put X :— CokF/„ and Y :— KerG/o- 

(a) We have exact sequences 

^ FAfo ^ FMi ^ ■■■ FMn ^ FAf„+i X ^ 0, 

O^Y ^ GA/o ^ GAfi ^ ■ • ■ GAf„ ^ GAf„+i ^ 0. 

(b) We have X e g„+i, Y e 7^„+i, t„+iX ~ Y and t.-^^Y ~ X. 

(c) We have exact sequences 

^ G"A./o G"A/i • ■ • G"A/„ G"Af„+i ^ y ^ 0, 

^ FT„Afo Ft„7\/i • . • Ft„A/„ Fr„Af„+i ^ F ^ 0. 

(d) // Ali E Aip for any i, then we have an exact sequence 

^ T„A//o ^ r„Afi ^ • • • r„Af„ "-^ r„Af„+i ^ 0. 

(e) W^e have exact sequences 

Q^X ^ F'"Ma F"Afi • • • ^"^"^ F"Af„ ^"J^^ F"Af„+i ^ 0, 

^ X ^ Gr-A/o "^-^^^ Gr-Afi • ■ • ^^i^-' Gt' Gt-A'U+i 0. 

(f) If Mi e Ail for any i, then we have an exact sequence 

^ T„ Afo — > Afi — > • ■ • — > T„ Af„ — > T„ A//„+i -j- 0. 



Proof, (a) Since Af is n-rigid, we have desired exact sequences by Lemma 13.51 

(b) We apply vr to the upper sequence in (a) and compare with the lower sequence in (a) by using 
Proposition 13. 4f b'). Then we have X G Qn+i and Tn+iX ~ Y. We have Y G Hn+i and t~^^Y ~ X by 
Lemma l2.3f a). 

(c) The upper sequence is exact by Lemma r3.5f b). Since Ft„ ~ G" holds by Proposition I3.4f c) . the 
lower sequence is exact. 

(d) We have Ext\{Mp, A) = for any < i < n by Lemma djUJc). Thus the sequence is exact by 
Lemma l3.5f b). 

(e) (f) These are shown dually. □ 
We need the following easy observation. 
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Lemma 3.7. Let 



Mo All M2 ~ 



be a complex with Mi e A4. Assume Mq E Aip and that each ji is left minimal. Then Mi E Aip for 
any i and we have a complex 



— > TnMi — y 



such that each r„/i is left minimal. 



Proof. We have HomA(A^p, VlAd)) = by Lemma l^^ dV Since any fi is left minimal, we have Mi G Mp 
inductively. Since t„ : M-p M-j is an equivalence by Lemma l^^ a). each r„/i is also left minimal. □ 

We shall use the following special case in inductive argument. 
Lemma 3.8. Let 

Afo A Ml ^ • • • Af„ ^ Mn+i 

be an exact sequence in mod A with Mi G Ai. Assume Mq E A4p and that each fi is left minimal. Then 
Mi £ Aip for any i and we have an exact sequence 

TnMo T„Mi ^ • • • ^"-^ ' TnMn r„Af„+i 

such that each Tn fi is left minimal. 

Proof. Immediate from Lemma 13.71 and Lemma IS.Gf d) . □ 
We are ready to show the following key observation. 

Proposition 3.9. Let X E M. be indecomposable and £ > 0. Put L := GX . 

(a) If£>ex, then t^^iI = 0. 

(b) If i — ix , then t^^iI is an indecomposable object in V{Af). 

(c) IfO<£< £x, then r^+i/ G Gn+i and pd(r^^;^/)r = n + 1. 

Proof, (a) Since rf^^il is a submodule of Gt^X = by Proposition I3.4r f 1 . we have r^+i/ = 0. 
(c) T^X e Aip holds for any < £ < £x ■ Take a minimal injective resolution 

^ r„X lo^--- In ^ 0. (11) 
Since each fi is left minimal, we have an exact sequence 

U ^ T„ X > T„7o > ■ ■ ■ > T„ln U 

for any < £ < £x hy applying Lemma [3^ to (fTTj) repeatedly. Applying F, we have a F- module Xi with 
an exact sequence 

Ft^+'-X — > Fr„/o — > ■■■ — > Fr„/„ Xe ^ 

by Lemma [HTSr a). We have Xo = F"T„Ar ~ GX = / by Proposition l3.4f c). Using Lemma IXCT b) and (c) 
repeatedly, we have t^+i/ ~ t^^iXq ~ r^+^Xi ~ • • • ~ e Gn+i for any < £ < £x. 

(b) Since T^%t^^ = by (a), we have t^%iI G V{JV). We have that r^+i/ is indecomposable by (c) 
and Lemma 13. 3f a). □ 



Summarizing with Lemma l3. 11 we have the following conclusion. 
Lemma 3.10. F is Tn+i-finite and satisfies the condition (Cn+i) in Definition \Lll\ 

We have the main results in this section. 
Theorem 3.11. (a) Af is {n + l)-rigid. 
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(b) We have full functors 

Tn+i^ DExt'^+\^,T) -.Af ^N' and t,;+i = ExtJ5+i(i:i-, T) : A/" ^ 
which give mutually quasi-inverse equivalences 

Tn+i ■ Mp Ni and T^j^^ : A// Np. 

(c) r„+i gives a bijection from isoclasses of indecomposable objects in Mp to those inMi- 

(d) Mp C Qn+\ and Mi C H„+i. 

(e) Homr«+ipr),T;^+ipr)) = for any i < j. 

(f) Ex4{riM),M) ^Oforanyi>0. 

Proof, r is T„+i-finitc and M satisfies the condition (C„+i) by Lemmas 13.11 and 13.101 Thus (a) follows 
from Lemma[5?3a), and (b)-(e) follow from Lemma By (a) and pdXr < n + 1 for any X G V{M), 
we have (f). □ 

We also have the following description of indecomposable objects in M. 

Corollary 3.12. (a) There exist bisections among 

• isoclasses of indecomposable objects in M , 

• pairs [X, i) of isoclasses of indecomposable objects X € Ml and < i < ix , 

• triples {I,i,j) of isoclasses of indecomposable objects I € ^(Mi) and < i,j satisfying 
i+j<ii- 

They are given by r^+iGr^J O (r*/, j) o {I,i,j). 

(b) Under the bijection in (a), r^^j^Gr^/ belongs to V{M) if and only if i + j = £i- 

(c) M has an additive generator. 

Proof, (a) By Theorem 13. lif e), any indecomposable object in TV can be written uniquely as t^_|_]^GX 
for an indecomposable object X G Ml and < j. By Proposition 13. 9[ t^^_^_iGX is non-zero if and only 
if < j < ix- By Proposition 13. 2[ X can be written uniquely as t^I for an indecomposable object 
/ G I{M) and < i < ^7. Since Ix = — i, have the assertion. 

(b)(c) Immediate from (a). □ 

3.2. Tilting P-module in V{M). By Corollarv IXT^ there exists a P-module U such that V{M) = add U. 
In this subsection, we shall show that [/ is a tilting P-module. 

We have pd t/p < n -I- 1 by definition of P{M). By Theorem inHHf) , we have Extj.(J7, t/) = for 
any < i. By Theorem 13. lif e), we have that U and P have the same number of non-isomorphic 
indecomposable direct summands. For the case n = 1, these imply that [/ is a tilting P-module [ASSilH] . 
But we need more argument for arbitrary n. 

Lemma 3.13. (a) t^^^Gt-'^X e V{M) for any < £ and X 6 V{M). 

(b) t'^^^Gt-'^X e Mp for any <i < i and X E M. 

Proof, (a) We can assume t~^X ^ 0. Since ^^--^x ~ ^' ^^'^ assertion follows from Corollary 13. 12r b'). 

(b) Any indecomposable summand Y of t^^X satisfies > ^- Thus the assertion follows from 
Coronary Emb). □ 

We shall often use the following result. 

Lemma 3.14. Let 

0^xHNihN2h---h Nn+1 Nn+2 -> 
be an exact sequence in modP with Ni £ Mp and X G Gn+i- Then the sequence 



Tn+lX ^ Tn+lNi )■ T„+iA'2 > ■ ■ ■ > T„+iA„+i > T„+iiY„+2 ^ 



is exact. 



Proof. We have Extp(7Vp,P) = for any 0<i<n-|-lby Theorem 13.1 If dV We have the desired exact 
sequence by applying Lemma l3.5f b). where we replace n there by n -I- 1. □ 
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Lemma 3.15. Let I G I(A^) be indecomposable. 

(a) There exist exact sequences 

^ F/ ^ GTo ^ • ■ • GT„_i ^ 

wii/i e V{M). 

(b) For any < ^ < £/, there exist exact sequences 

Q-^Tr,H ■■■ hToH rt^I -> (12) 

Ft„7 ^ T„+iC:rT„ J„ ^ ■ • ■ > r„_^iC:,T„ ^ 

Proof, (a) Since is a projective A-module and T is a tilting A-module with pdTA < n, we have the 
upper sequence. Applying G, we have an exact sequence 

^ Giy-^I ^ GTo ^ • • • ^-H' GTn-i ^ 

by Lemma 1531 since Ext\(A©r, A/) — for any i > 0. Since Gv]^! — FI by Proposition [3311a), we have 
the lower sequence. 

(b) Since t^~^I ^ M Q T^, there exists an exact sequence 

■ • • ^ Ti 4 To ^ ^ 

with T,er{M) and Imf, e T^. Since 

Extjv(Im/„,Im/„+i) ^ Ext^(Im/„_i,Im/„+i) ~ • • • ~ Ext^+^Im /o, Im /„+i) = 

by gl. dim A < n, we have that Im/„ e ViM). Thus we have the sequence (IT^ . 

Clearly we can assume that each is right minimal. Applying r~ to ([T^ repeatedly, we have an exact 
sequence 

^ T-'r„ • • • T-^To T/ri-'/ ^ (13) 



for any 0<i<£— Iby the dual of Lemma 13^81 since t^I G Mj for any < i. 
Applying F to (fT5)) . we have a F- module Xi with an exact sequence 

^ Fr-^r„ ''^-^ly" . . . Fr„-ro Frf-'I ^ X, ^ 

for any 0<i<^ — Iby Lemma l3^ a), and for i = — 1 by Lemma ISTST c). Thus X^i ~ Ft^I. By Lemma 
I3.6f b). we have Xi G Gn+i and T„+iXi ~ A^i_i for any < i < ^ — 1. Especially we have 

t;+iX,„i e g„+i (0 < z < ^ - 1) and t,^.+iX,„i ~ X_i ~ Fr/j. (14) 

On the other hand, applying Lemma [3.6f e) to the sequence (jl3p for i = — 1, we have an exact 
sequence 

^ ^ GT-^r„ • • • ""^^^ Gt-'To ^ 0. (15) 

We have t^_^_iGt~^T 6 TVp for any 0<i<i — Ihy Lemma lB-lSf b). Applying t„+i to repeatedly, 
we have an exact sequence 

-> r;+iX,_i ^ r;+iGr-^r„ ••• -^'~4' r;+iGr-^ro 

for any < i < £ hy Lemma [3.141 since we have ([T4|) . Putting i — £, we have the desired sequence by 
([II. ' □ 

Summarizing above results, we have the following desired result. 

Theorem 3.16. There exists a tilting V -module U such that y>AUy < n + \ and 'P{Af) — addC/. 
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Proof. As we observed at the beginning of this subsection, we already have pd Ur < n+1 and Extp([/, U) = 
for any i > 0. By Lemma [3. 151 and Lemma FS-lSf aV there exists an exact sequence 

^ r ^ c/o ^ >Un^o 

with Ui G add U. Thus [/ is a tilting F-module. □ 

3.3. Mapping cone construction of (ri + l)-almost split sequences. In this subsection, we complete 
our proof of Theorem 11.141 Our method is to construct source sequences in Af and apply Theorem 
I2.2f b)fiii)=>fi). A crucial role is played by a monomorhism 

a : T„+iG Gr„ 

of functors on in Proposition I3.4f d') . 

Lemma 3.17. Fix an indecomposable object X £ and £ > 0. Take a source morphism fo ■ X ^ Mi 
in M. 

(a) Any morphism t^_^iGX r,*^]^GA/ with i > £ is zero. 

(b) Any morphism t^j^iGX — !■ t^^iGM which is not a split monomorphism factors through r/^^j^G/o : 
r^+iGX^T^+iGMi. 

(c) Any morphism t^^j^iGX — > t'I^^j^iGM with < i < £ factors through T^^\ax '■ Tn+i^X ^ 

Proof, (a) Immediate from Theorem 13. lif e). 

(b) By Theorem 13 . 1 If b) . any morphism t^^iGX — > t^_^iGAI which is not a split monomorphism can 
be written as T^^^iGg with a morphism g : X —t- M which is not a split monomorphism. Since g factors 
through /o, we have that r^^^Gg factors through r^_|_jG/o. 

(c) By Theorem l3.1ir b). any morphism T^_|_]^GAr t^_^_iGM can be written as r^+iff for a morphism 
g : T^j^\GX — >• GM. Since r„+i preserves monomorphisms, we have that T^'^^^'^ax ■ t^'^\GX — > 
T^^'^GTnX is a monomorphism. Since GM is an injective F-module, g factors through r^^^^ax- 
Thus T,\_|_]^(7 factors through rf^j^^ax- Q 

Immediately we have the following conclusion. 

Proposition 3.18. Fix an indecomposable object X d A4 and < £ < £x ■ Take a source morphism 
fa'.X^ Ml in A4. Then a left almost split morphism of t^^-^^GX is given by 

■■ <+,GX ^ {ri^iGMi) © (r,tlGr„X). 

Recall that any indecomposable object X ^ M. has a source sequence by Theorem I2.2f a'). By using 
it, we shall construct source sequences of an indecomposable object t^_^iGX in for < £ < £x- 
First we consider the case £ — {). 

Proposition 3.19. For an indecomposable object X G M., take a source sequence 

X ^ Mih Mn h Mn+l -J> 

in Ad. Applying G, we have an exact sequence 

GX ^ GMi ^..."^H" GM,, ^ GMn+i ^ 



J-n+l 

which is a source sequence of GX in Af. 

Proof. Clearly the sequence is exact. Since each fi is left minimal and G is a fully faithful functor, each 
Gfi is left minimal. Moreover G/o is a source morphism in TV by Proposition l3.18l □ 

Next we consider the case < £ < £x- Recall that any indecomposable object in Aii is a left term of 
an n-almost split sequence by Theorem 12. 2f aV Let us start with the following observation. 
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Lemma 3.20. For an indecomposable object X G A4p, take the following n-almost split sequence. 

^ TnX ^ Ml 4 ■ • • X ^0 

(a) We have the following source sequence in M. . 

X T- Ah ■■■ T- Af„ T-X^O (16) 

(b) socGX £ Gn+i and r„+i(soc GX) ~ soc(Gt„X). 

Proof, (a) Any term in belongs to Mp. Since we have HoniA(7Wp, P(7V4)) = by Lemma l^^ d) 
and we have an equivalence r~ : ^ A4p, we have the assertion. 

(b) Applying G to source sequences of X and TnX, we have exact sequences 

^ soc GX ^ GX — > Gt„ Afi — > ■ ■ ■ — > Gr„ Af„ — > Gr„ X -> 0, 
^ soc(Gt„X) Gr„X ^ GMi ^ • • • GM„ *^ GX ^ 0. 

Comparing these sequences by Lemma l3.6f a) (e) . we have the assertions. □ 
We also need the following information. 

Proposition 3.21. For an indecomposable object X E AA and £>0, let S :~ t^^i{socGX). 

(a) W^e /lawe 5 ~ soc(Gt^X). 

(b) IfO<i< ix, then S e Gn+i- If £ = £x, then S ^ Gn+i. If e > ix, then 5 = 0. 

Proof, (a) We only have to show the case i ^ 1. It X <E Mp, then the assertion follows from Lemma 
I3.20f b). Assume X G V{A4). Since r„X = 0, the right hand side is zero. Since socGX = top FX has 
projective dimension at most n by Theorem I2.2f a) fiii) . the left hand side is also zero. 

(b) Immediate from (a) and Lemma r3.20f b). □ 

For X E A4, define a morphism lx : t„t^X — > X by taking an isomorphism X ~ y © / with Y E Aij 
and / £ and putting 



LX ■■ TnT-x - r^r©/~x. 



We denote by f3x the morphism 



X Gi 
Px ■ Tn+lGr^X ^ GTnT,7X GX. 

Although ix depends on the choice of decomposition of X, we have the following. 

Lemma 3.22. /3x is independent of the choice of decomposition of X . In particular, (3 gives a monomor- 
phism /3 : T„_(-iGr,^ — > G of functors on A4. 

Proof. By Theorem 12. 2f a) fii). we have id(socG/)r < n. Since we have r„+iGT~X £ Hn+i by Lemma 
I3.3f a) and Hn+i is a Serre subcategory of modF by Lemma [3^ b). we have Homr(T„+iGT^X, GI) = 0. 
This implies the assertion. □ 

Proposition 3.23. For an indecomposable object X £ Aip and < i < lx, take the following n-almost 
split sequence in M.. 

^ T„X 4 Ml 4 ■ • • M„ 4 X ^ 
(a) We have the following commutative diagram of exact sequences. 

^ r^+i(socGX) ^ r^^.iGX r/,+iGr-A/i ^ • • • ""+^°'"^"> r^+iGr-X ^ 

O^T^;l(socGr„X) ^ <;lGr„X ^^±^ rt+lGM, ^ ••• rt+\GX ^ 
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(b) Taking a mapping cone, we have the following (n + I) -almost split sequence in Af. 



('^n + l'^^n t'0\ /^n + l'^^nfl ° \ 

GX 



^ (^n+lGr„ X) © (t„_^iGM„) )• T^+iGX 

Proof, (a) By Leinnia l3.20f a). we have an exact sequence 

^ soc GX ^ Gr- A/i ■ ■ ■ Gr" Af„ Gr^X ^0. (17) 

Since ^ < ^jc , we have t^X G A^p for any < i < £. By Proposition 13.211 we have 

t;+i(soc GX) ^ soc(G<X) iO<i<e) and <+;^(soc GX) e (0 < i < £). 

Since t^^iGX G TVp for any < i < ^ by Proposition 13. Qf c). we have an exact sequence 

^ <+i(soc GX) ^ r^+iGX ^" ri^+^Gr-Ah • • • ^" r;,+iGr-X ^ 

for any < i < ^ by applying Lemma [3771 (replace M there by TV) and Lemma [3. 141 to the sequence ([TT]) 
repeatedly. 

By a similar argument, we have an exact sequence 

0^r;+i(socGr„X) ^<+iGt„X "i^' <+iGM, ^ ••• ^ <+iGX ^ 

for any < i < £. Thus we have the desired exact sequences. 

Using the morphism T^'^\f3 : t^_^_iGt~ — >■ t^'^\G of functors, we have the desired commutative dia- 
gram. The left hand side morphism t^_^-^{socGX) t^^'^\{soc GxnX) is an isomorphism since it is a 
monomorphism between simple F-modules. 

(b) Clearly our sequence is exact. By Proposition 13.181 the morphism ( " °) : rf^^iGX — !• 

(T^+iGr~Afi) © {T^^\GTnX) is left almost split. Since all morphisms in our sequence are contained 
in the Jacobson radical of the category j\4 , they are left minimal. By Lemma I3.5r b') (replace n there 
by n + 1), our sequence gives a source sequence of t^^-^GX. Since source sequences are unique up to 
isomorphisms of complexes, it is an (n + l)-almost split sequence by Theorem 12 . 2f a) (i) . □ 

Consequently we have the following. 
Proposition 3.24. Any indecomposable object X G J\f has a source sequence in J\f of the form 

X -,Ni^ > Nn+2 0. 

Proof. Immediate from Proposition 13. 191 and Proposition 13.231 □ 

We have the following conclusion. 
Theorem 3.25. N is an {n + l)-cluster tilting object in . 

Proof. This follows from Theorem H^Ib) (hi) ^(i) and Proposition 13. 241 □ 

Now we complete the proof of Theorem 11.141 We have that P is T„_|_i-finite and satisfies (C„+i) by 
Lemma EUni (A„+i) by Theorem EIH and (B„+i) by Theorem □ 
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3.4. Description of the cone of T. The aim of this subsection is to give a description of the cone of F 
and prove Theorem 11.181 as an application. For simplicity, we assume that our additive generator M of 
Ai is basic, so F is also basic. 
For £ > 0, we denote by 

sim^ F (respectively, sim^ F) 

the set of simple F-modules S satisfying t^^-^S ^ (respectively, t~^^S ^ 0). Define subcategories of 
mod F by 

Q^j^i := {X G modF | any composition factor S oi X belongs to sim^F}, 
Hnj^i '■— {X G modF I any composition factor S oi X belongs to sim^ F}. 
We have the following preliminary properties. 

Lemma 3.26. (a) sim^F (respectively, sim^Fj consists of socGX for any indecomposable X ^ M. 
satisfying t^X ^ (respectively, t~^X y^O). 

(b) We have g}^^^^ = Qn+i and = V-n+i- 

(c) For any ^ > 0, we have equivalences 

y„ + l ^ ^n+l I I 'l-n+l ^ Vn+l ' ' 'T-ri+1 ^ ^ »n+l ' ' ''-n+1 ^ ''-n+1 

whose quasi-inverses are given by t^^+i. 

Proof, (a) Immediate from Proposition l3.2lT a) . 

(b) We only show G^+i = Gn+i- By Proposition 13 . 2 1 f b) . we have that a simple F-module S belongs 
to Gn+i if ^-nd only if it belongs to Gn+i- Since Gn+i ^-nd Gn+i are Serre subcategories by Lemma ISTHl b). 
we have the assertion. 

(c) By (b) and Lemma [3.3f a). we have an equivalence t„+i : Gn^i — > ^n+i- This gives the desired 
equivalences. □ 

There exist idempotents and ei of F such that the factor algebras F^ :— F/(e^) and F^ :— T / {e^) 
satisfy 

Gl^^^ = modP^ and H^+i = modF^ 

We have surjections 

F = F" -> pi -> F^ ^ • • • and F = Fq ^ Fi F2 ^ • ■ • 
of algebras. We have the following description of . 

Lemma 3.27. add(ef Af) = add{T-* (DA) | < i < ^} holds for any £>{). 

Proof. For an indecomposable object X G AA, we put S :— socGX. By definition of eg, we have that 
X G add(e£M) if and only if 5 ^ sim^F. By Lemma [3.26f a). we have that 5* ^ sim^ F if and only if 
T-^X = if and only if X G add{T,* (i:>A) | < i < ^}. □ 

Now we need the functorial monomorphisni : r^^j^G Gr^ given in Proposition I3.4f fl. The 
following result generalizes Proposition 13. 4r c). 

Lemma 3.28. (a) : r/j_|_j^GX — > Gt^X is a minimal right 'H'^_^_i- approximation of Gt^X for 
any X e M and £>0. 
(b) We have r/^+iG = Homr(r£, Gr^-). 

Proof, (a) Fix i > and assume that the assertion is true for i — 1. By Lemma [3.26f c). any object in 
■H^_l_i can be written as t^+iY with Y G Gi+i- Take any morphism / : r^+iF Grf^X. We write 
as a composition 

T^^l^^A > T„+iL.T„ A > »-jT„A. 

By Proposition I3.4f e). there exists g : t^+^Y — Tn+iGr^^^^X such that / — {a^t-i^)g. By Lemma 
I3.26f c). there exists h : t^,^\Y Gt^^X such that g — Tn+ih. By the inductive hypothesis, we have 
Im/i C T^,+\GX. Thus we have Im/ C t^^iGX. 
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(b) Since Hf^^i = modF^, the assertion follows immediately from (a). □ 
We have the following description of the cone of F. 
Lemma 3.29. For £ > 0, we have T^^^i{Dr) ~ DTi as T -modules. 

Proof. Clearly the inclusion DT^ — > DT is a minimal right 'Hfj^^.j^-approximation of the F-module DT. 

On the other hand, t^j^-^GM C Gt^M is a right H^_,_]^-approximation by Lemma 13.281 Since we 
assume that M is basic, we have M ~ X®t^M as A- modules, where X and t^M have no non-zero direct 
summands in common. Then T-'^X = holds. Since socGX ^ T-Ln+i holds by Lemma [32Ha), we have 
Homr(H^+i, GX) — 0. Consequently, the minimal right H^^i-approximation of DT ~ [GX] © (Gr^M) 
isgivenbyT^+iGA/ = T^+i(OT). □ 

We have the following description of the cone of F. 
Proposition 3.30. The cone ofT is Morita equivalent to 



/ F" • • • \ / Fo Fi F2 

ri ri n . . . / n r, r„ 



F^ F^ 

p2 p2 p2 



Li F2 
and I Fa 



V : ■■ ■■ ■■ J 

Proof. We only have to show that Endr(®^>o '''n+ii-^^)) desired form. By Lemma [3. 291 we have 

Homr«+i(OT),T,{+i(OT)) = Homr(OT„OTj) - Homrop(F„FO = F, 

for any i > j. By Theorem 13. lif e), we have llomr{T^+i{D^),T^+i{D^)) = for any i < j. Thus the 
assertion follows. □ 

The following crucial result gives a sufficient condition for A such that F is absolutely (ri + l)-complete. 
Lemma 3.31. Let A be an absolutely n-complete algebra. Assume that there exist surjections 

A = Ao ^ Ai ^ A2 ^ • • • 

of algebras such that t,^(_DA) ~ DKi as A-modules for any £ > 0. Then the cone T of A is absolutely 
(n + l)-complete. 

Proof, (i) First we shall show the following assertions. 

• (1 — ee)M is a A^-module, 

• llomAieeM,DAe) = 0, 
. eiM = {ee)M. 

Since t^{DA) ~ DAi, the first assertion follows from Lemma 13.271 By Lemmas I2.4f e) and 13.271 

again, we have HomA(efM, DA^) = and HomA(e£M, (1 — ee)M) — 0. This implies that eiM is a sub 
F°P-module of M, and we have e^M = {ei)M. 
(ii) Next we shall show the assertion. 

We only have to show that V{N) — addF. By Corollarv 13.121 any indecomposable object in V{N) 
can be written as t^j^^GX for some indecomposable object X ^ M. such that P := t^X belongs to 
■p(A^). Since A is absolutely n-complete, P is a projective A-module. By Lemma l3.28f b). we have 
Tn+iGX = Homr(F^, GP), which is a direct summand of 

Homr(F^, GA) = Homr(F£, DM) = D{Te ®r M) = D{M/{ei)M). 

Using observations in (i), we have 

D{M/{ei)M) = D{M/eiM) = ^((1 - ei)M) = HomA,((l - ei)M, DAe) HomA(M, DAe). 

This is a projective F-module, and we have the assertion. □ 
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Now we are ready to prove Theorem ll.181 

By Lemmas 13.291 and 13.311 we only have to show that the m x m triangular matrix ring A := Tm\F) 
satisfies the condition for rt = 1 in Lemma 13.311 Let {/i,-- - ,/m} be a complete set of orthogonal 
primitive idempotents of A such that 

IiJa — /i+iA 

for any 1 < i < m as A-modules. Put 

A, :=A/(/i + ••■ + /,). 

Then one can easily check that 

r'{DA)^T^UF)^DAe 
holds as A-modules. Thus A satisfies the condition for n = 1 in Lemma [3. 31 1 □ 

4. Absolute ^-cluster tilting subcategories 

In this section we shall study algebras with absolute n-cluster tilting objects and prove Theorem II. 191 
as an application. Let us start with the following easy observations. 

Lemma 4.1. Let A be a finite dimensional algebra with an absolute n-cluster tilting object M (n> 1). 

(a) HomA(Af, /) is a projective-injective F,iidA{M) -module for any injective A-module I. 

(b) We have gl. dim A = id Af a . 

(c) For any indecomposable direct summand X of M , we have either X is projective or pd > n. 

Proof, (a) HomA(A'/, /) is projective by / G addM. It is injective by HomA(A'/, /) = D llom\{i^~ I , M) 
and i^^I e add AI. 

(b) Since any X £ mod A has an exact sequence 

^ Mn > Mi^ X ^0 

with M, e addM by [12 Prop. 2.4.1(2-£)], we have that idATA < idAfA. 

(c) Immediate from F,xt\{X, A) = for any < i < n. □ 

Now we prove the following key result. 

Proposition 4.2. Let A be a finite dimensional algebra with an absolute n-cluster tilting object M 
(n > 1). Let r = EndA(Af). Then Extp(Dr, F) = for any < i < n if and only if gi. dim A < n. 



Proof. Take an injective resolution 

^ Af ^ /o A ■ • ■ /„ ^ n-'^-H'i 0. (18) 

Applying F = HomA(Af, — ), we have an exact sequence 

^ F ^ F/o ^ > F/„ ^ C ^ (19) 

where we use Ext\(Af, M) = for any < i < n. By Lemma HTlT a). each Fli is a projective-injective F- 
module. Since we have gl. dimF < 1 by Theorem ll.lOl any indecomposable summand of C is injective 
or projective. Conversely any indecomposable injective non-projective F-module / is isomorphic to a 
summand of C since any indecomposable injective F-module appears in the minimal injective resolution 
of the F-module F by gl. dimF < cxo. Hence we only have to show that Extp(C, F) = holds for any 
< i < n if and only if gl. dim A < n. 

Applying Homr(— ,F) to the projective resolution ([T5)) of C and using Yoneda's Lemma, we have an 
isomorphism 

Homr(F/„,F) ^ > Homr(F/o,F) ^ Homr(F,F) 

; t ? t ; t 

HomA(/„,Af) > HomA(/o,A/) HomA(Af,Af) 

of complexes. Thus Extp(C, F) = for any < i < n ii and only if the complex 

HomA (/„ ,M)^^ ^ HomA (/q , A/) ^ HomA (Af, M) (20) 
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obtained by applying HoniA(— ,M) to is exact. 

Using the condition ExtX(DA, M) — for any < i < n, one can easily check that the following 
conditions are equivalent. 

• (PD|) is exact at }iom\{Ii, M) for any < « < n. 

• ExtX(l^"""^M, M) = for any < i < n. 

Since M is an n-cluster tilting object in mod A, this is equivalent to 

• f7-"-iM e addM. 

Again using the condition Ext\(Z?A, M) = for any < i < n, one can easily check that the following 
conditions are equivalent. 

• (1201) is exact at HomA(/o,M). 

• Extjv(Im/i,M) = 0. 

• ■ • • 

. Ext;^-i(Im/„_i,M) = 0. 

• ExtX(rj-"-iM,M) ExtX(/„,M) is injective. 
Using Auslander-Reiten duality, this is equivalent to 

• Hom ^ (r~ /„) Honi j^ (r^ A/. r2~"~^Af ) is surjective. 

Since we have addM = add(A ® t~M) by Proposition 1 1 . 2r a) . this is equivalent to 

• HomA(Af,/„) ^ Hom(A/,17-"-iAf) is surjective. 

Consequently (1201) is exact if and only if fl-'^-^M e addM and HoniA(M, /„) ^ HomA(M, fi-^-^M) 
is surjective. This occurs if and only if /„ is a split epimorphism if and only if id Ma < n if and only if 
gl. dim A < ri by Lemma ITlT b) . □ 

Now we prove the following crucial result, which gives the inductive step in our proof of Theorem 1 1.1 91 

Proposition 4.3. Let A be a finite dimensional algebra with an absolute n-cluster tilting object M (n > 
1). //r = EndA(A/) has an absolute {n + 1)- cluster tilting subcategory, f/ien gi. dim A < ri < dom. dim A. 

Proof. We have shown gi. dim A < n in Proposition 14.21 Take a minimal injective resolution 

^ A ^ /o ^ • • ■ In-l /„ ^ (21) 

of the A-module A. Applying F — HomA(Af, — ), we have an exact sequence 

of F-modules since we have Ext\(Af, A) = for any < i < n. 

Now we put X := Cok(F/„_i) and Y := t^+iX. We have gl. dimP < n + 1 by Theorem [TTTUl Since 
each Fli is a projective- injective P-module by Lemma l4.ir a). we have that X is an injective P- module. 
Hence both X and Y belong to our absolute {n + l)-cluster tilting subcategory by Proposition II .2f a') . 

Applying Lemma [3^ b) and (c) (replace n there by n + 1) to the sequence dSTJ, we have an exact 
sequence 

= Ft„A ^ Ft,Jo ■ ■ ■ ^""^"''> Ft„/„_i ^""^"'S Ft„/„ ^ y ^ 0, (22) 

which gives a projective resolution of the P-module Y. Thus we have pd Yr < n. By Lemma I4.1f c) 
(replace n there by n + 1), we have that y is a projective P-module. 

Since each fi in ^T\i belongs to JmodA, each FT„/i in belongs to Jmodr- Hence (l22l) is a minimal 
projective resolution of Y. Consequently we have Tnh = for any < i < n. Thus we have pd(/i)A < n 
for any < i < n. Again by Lemma l4.1f c). we have that li is a projective A-module for any < i < n. 
Thus dom. dim A > n holds. □ 
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Now we are ready to prove Theorem ll.191 

By Theorem 11.181 we only have to show 'only if part. The assertion for n = 1 follows automatically 
from Proposition 1 1.1 71 

We assume n > 2 and put A*^"-* := A. By Theorem 11.101 there exists a finite dimensional algebra 
and an absolute (n — l)-cluster tilting object M*^""^) in mod A'"~^) such that A'") is isomorphic 
to Endy^^Cn-i) (M("~^^). Clearly A^"^-'^^ is also ring-indecomposable. Applying Proposition |431 to (A, F) :— 
(A("-i), A(")), we have gl.dimA^"-!) <n-l< dom. dim A("-i). 

Repeating similar argument, we have a ring-indecomposable finite dimensional algebra A*^*^ < i < n) 
satisfying the following conditions: 

(a) gl.dimAW < i < dom.dimA^*), 

(b) A^'^ has an absolute i-cluster tilting object M^*^ 

(c) A(*+i) is isomorphic to EndA(.) (M^*)). 

Since gl. dim A^^^ < 1 < dom. dim A'^^\ we have that A^^^ is Morita equivalent to Tm\F) for some division 
algebra F and m > 1 by Proposition [TTT71 

Using the conditions (b) and (c) inductively, we have that A*^*^ is Morita equivalent to our absolutely 
i-complete algebra Tm (F) for any 1 < i < n since any addM^*) is a unique absolute i-cluster tilting 
subcategory by Theorem 11.61 Thus we have the assertion. □ 



5. n-CLUSTER TILTING IN DERIVED CATEGORIES 

Throughtout this section, let A be a finite dimensional algebra with id a A = id Aa < oo. We denote by 
D := /C'^(pr A) the homotopy category of bounded complexes of finitely generated projective A-modules, 
and we identify it with /C'^(inA). 

Let us start with the following simple observation. 

Lemma 5.1. Let A be a finite dimensional algebra with gl. dim A < oo. 

(a) For any X gV, there exist only finitely many integers i satisfying Homx)(mod A, ^ 0. 

(b) mod A is a functorially finite subcategory ofD. 

Proof, (a) Take a sufficiently large integer k such that H'^{X) = holds if i < — fc or fc < i. Then we 
have Homp(mod A, X[i]) = if either i < —k oi k + gl. dim A < i. 

(b) We only show contravariant finiteness. Any X G V is isomorphic to a bounded complex (•••—!> 
p p+i _^ . . . ^ q£ injective A-modules. It is easily checked that the natural map — !• X is a right 
(mod A)-approximation of X. □ 

The following easy observation is quite useful. 

Lemma 5.2. Let A be a finite dimensional algebra with gl. dimA < n. 

(a) If X e V satisfies H'{X) = for any < i < n, then X Y ® Z for some Y G 1?-° and 
Z e V^'\ 

(b) If X £ T> satisfies W{X) — for any integer i ^ nZ, then X is isomorphic to ®£g2; FI^'^{X)[—ln] . 

Proof, (a) We can assume that AT is a bounded complex (•■•—!>/* /'+^ — > • • ■ ) of finitely generated 
injective A-modules. Put 

r ( ^ /«-2 ^ ^ lmd«-i ^ ^ • ■ • ) e 'D^^- 

By our assumption, we have an exact sequence 

^ Z° ^ /" ^ /I ^ > ^ /"-I '^^^ 

It follows from gl. dimA < n that Imd""^ is an injective A-module. Thus the inclusion map / : Imd"~^ — > 
/" splits, so there exists g : /" — > Imd"~^ such that gf = limd"-!- We have the following chain 
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homomorphism. 



Y = 


(••■ 


^ /n-l 









II 




; 


X = 


(•■• 












II 




; 


Y = 


(••• 






-> 



Thus y is a direct summand of X, and we have the assertion. 

(b) Immediate from (a). □ 

Now we are ready to prove Theorem II. 2 II Put B := C[nZ]. 

(i) We shaU show that S is a functoriaUy finite subcategory of V. 

We only show contravariant finiteness. Fix X T). By Lemma lS.lf a). there exist only finitely many 
integers £ such that Homj) {C[£n], X) ^ 0. Since C is a functoriaUy finite subcategory of mod A, we have 
that C[£n] is a contravariantly finite subcategory of V for any £ by Lemma rs.lf bl. Thus there exists a 
right ;B- approximation of X . 

(ii) We shall show that B is n-rigid. We only have to show Hom-p {C[kn],C[£n + i]) = for k,£ ^ Z 
and i {0 < i < n). li k > £, then this is clearly zero. If fc < ^, then this is zero by gl. dim A = n. li k = £, 
then this is again zero by n-rigidity of C. Thus B is n-rigid. 

(iii) Assume that X ^ V satisfies llomxi{B, X[i]) = for any < i < n. Since A[—£n] G B for any 
^ € Z, we have 

H'^"+\X) - Homi,(A[-fti],XH) = 

for any £ ^Z and Q < i < n. Thus W{X) = holds for any integer i ^ nZ. Applying Lemma IS^ b). we 
have X ~ ®fgz H^'^{X)[~£n]. Moreover we have 

ExtX(C,i7^"(X)) ~ Homi,(C,i7^"(X)[i]) = 

for any < i < n. Since C is an n-cluster tilting subcategory of mod A, we have H^'^{X) £ C for any 
£€Z. Thus X eB. 

(iv) Dually we have that if AT G 2? satisfies IIomp(X, B[i]) = for any < z < n, then X G B. Thus 
we conclude that B is an n-cluster tilting subcategory of V. □ 

In the rest of this section we shall prove Theorem 11.231 
Let (2?-°,X'-'') be the standard ^-structure oiV, so 

:= {X eV \ W{X) = for any i > 0}, 
:= {X eV \ W{X) = for any i < 0}. 

Our question whether l4n{A) forms an n-cluster tilting subcategory of V is closely related to the following 
conditions for A. 

Definition 5.3. Define the conditions (Sn) and (Tn) for A as follows: 
(S„) SnV^°cV^°. 

(T„) SiV^° C V^^ for sufficiently large £. 

It is easily shown that (S„) is equivalent to S-^V^° C 1?-°, and (T„) is equivalent to S-'^V^° C 2?-"^ 
for sufficiently large £. 

We have the following sufficient conditions for (S„) and (T„). 

Proposition 5.4. Let A be a finite dimensional algebra. 

(a) idAA = id Aa < n holds if and only if (Sn) holds. 

(b) A is Tn- finite if and only if g\. dim A < n and (Tn) hold. 

Proof, (a) To show 'only if part, take any object X G Then X is isomorphic to a bounded complex 

X ~{ ^0-^0^ /"^/^^••■) 
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of injective A-modules. Since pd(Z3A)A < n, we have that X is isomorphic to a bounded complex 

X ~{ >0^0-> P"" -> pi"" ->•••) 

of projective A-modules by taking a projective resolution. Applying S„, we have 

1 

SnX ~ ( > ^ -^v{p-'^)^v{P'^-'')^ • • ■ ) e 

Conversely, assume idAA > n. Take X e mod A such that Ext^+i(X, A) ^ 0. Since i7~i(S„X) ~ 
D-EyXl+^iX^K) ^ 0, we have S„P2:° ^Z^ X>5:0. 

To prove (b), we need the following relationship between two functors t„ and S„. 

Lemma 5.5. Let K he a finite dimensional algebra satisfying gl. dim A < n. 

(a) For any (.>Q, we have an isomorphism t^-^H^{—) H^{Sf^ — ) of functors D-^ mod A. 

(b) For any (.>Q, we have an isomorphism t^^H^{—) iJ*'(S^^— ) of functors T)-^ — > mod A. 

Proof, (a) We only have to show the case I — 1. We have a morphism 7 : H^{—) — > id of cndofunctors 
2?-° — ;> V-^. We shall show that iJ"(S„7) gives the desired isomorphism. For any X e 2?-°, we have a 
triangle Y[-l] H°{X) ^ X with Y e V^^. Since (S„) holds by gl. dim A < n and Proposition 

ICT a). we have a triangle S„r[-1] ^ S„iJ"(A:) -^^^ S„X ^ S„r with S„r £ P^^. Applying H°, we 
have an isomorphism 

r„iJ"(X) ^ i?i7"(RHomA(iJ"(X), A)) ~ i?0(S„iJ"(X)) ij"(S„X). 
(b) This is shown dually. □ 

Now we shall show Proposition 15. 4f b'). Both conditions imply gl. dimA < n. By (a), we have that A 
satisfies (S„). By Lemma [5.5f a). we have that r/j = holds for sufficiently large £ if and only if (T„) 
holds. Thus the assertion holds. □ 

Now we can prove Proposition 11.241 

This is a direct consequence of Proposition 15 .4f b) since both global dimension and the condition (T„) 
are left-right symmetric. □ 

We give easy properties of the condition (T„). 

Lemma 5.6. Let A be a finite dimensional algebra satisfying (Tn). 

(a) For any X,Y ^ D, there exist only finitely many integers £ satisfying Homx>(A', Sf^Y) ^ 0. 

(b) If a finite dimensional algebra T is derived equivalent to A, then it also satisfies (Tn). 

Proof, (a) Since we have Homx)(X, 2?-"''') = = llomx>{X,'D-'') for sufficiently large k, we have the 
assertion. 

(b) We denote by Vx°) and (2?^°, 2?^°) the ^-structures of V given by the standard t-structures 

of A and F respectively. We have F G 2?^ and A G 2?p for sufficiently large k. Then we have 2?p C V]^ 
and Vx G Vf. Then we have 

Thus F also satisfies (T„). □ 

We also need the result below. The assertion (b) was independently given by Amiot in [Am 11 Prop. 
5.4.2] (see also [Sml Th. 4.10]) and Barot-Fernandez-Platzeck-Pratti-Trepode [BFPPTj for the case 
n = 2. 

Proposition 5.7. Let A be a finite dimensional algebra. 

(a) If A satisfies (Sn), thenUn{A) is n-rigid. 

(b) If A satisfies gl. dimA < n and (Tn), thenU„{A) is an n-cluster tilting subcategory ofT>. 
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Proof, (a) Since A E , we have S,7^A e P^" for any £ > by (S„)- This implies Honip(A, S-^A^) ^ 
for any £ > and < i < n. 

On the other hand, we have S^A = Sl~'^{DA)[-n] e 2?^" for any f > by (S„). This imphes 
Honip(A, S^A[i]) = for any i> and < i < n. 

(b) By (a) and Proposition I5.4f a). we have that W„(A) is n-rigid. By Lemma [5.6f a'). we have that 
Un{A) is a functorially finite subcategory of V. 

Fix any indecomposable object X eV. Since lAn{A) is closed under S^^, the following conditions are 
equivalent (e.g. jIY[ Prop. 3.5]). 

• Hom-p(W„(A), ^[1]) = holds for any < i < n, 

• Hom-p(X, W„(A)[i]) — holds for any Q < i < n. 

Thus it remains to show that, if these conditions are satisfied, then X G W„(A). By (T„), there exists an 
integer £ such that S^X e and Sf+^X ^ . Put Y S^+^X. Then ^-^Y e is isomorphic 
to a bounded complex 

s,;^^ ~ ( > p-'^ ^ P" ^0^0^ ■■■) 

of projective A-modules, and Y is isomorphic to a bounded complex 

n — 1 n 

r~( >iy{p-^)^v{P")^0^0^---) (23) 

of injective A-modules. On the other hand, since HomD(A, Y[i]) =0 for any < i < n, we have H^{Y) — 
for any < i < n. Since Y is indecomposable and does not belong to 2?-°, we have Y G 2?-" by Lemma 
[Ora). Thus the complex ([231) is exact except z/(P°). This implies Y = iJ"(y)[-n] and that iJ"(y) is an 
injective A-module. Consequently we have Y e add(£>A)[-n] C W„(A) and X = S;;^~^F £ W„(A). □ 

Now we are ready to prove Theorem 11.231 

We only have to show the latter assertion. By Proposition I5.4r b) . we have that A satisfies (T„). Let 
T G P be a tilting complex of A such that P = Endi3(r) satisfies gl. dimP < n. Since P is derived 
equivalent to A, we can identify D with A^''(prP), and we have that P satisfies (T„) by Lemma I5.6f b). 
Thus Un{T) = Unix) is an n-cluster tilting subcategory of T) by Proposition 15. 7f b). □ 

6. AuSLANDER-REITEN quivers and RELATIONS 

Throughout this section, we assume that the base field k is algebraically closed for simplicity. For an 
arrow or a path a in a quiver Q, we denote by s{a) the start vertex and by e(a) the end vertex. 

Definition 6.1. (a) A weak translation quiver Q = {Qo, Qi, r) consists of a quiver (Qo, Qi) with a 
bijection 

T -.Qp ^ Qi 

for fixed subsets Qp and Qi of Qq. Here we do not assume any relationship between r and arrows 
in Q. We write tx ~ symbolically for any x S Qo\Qp- 

(b) Let A be an n-complete algebra and Ai — A^„(DA) the Tn-closure of DA. Define a weak trans- 
lation quiver Q — {Qo,Qi,Tn) called the Auslander-Reiten quiver of M as follows: 

• Qo (respectively, Qp, Qi) is the set of isoclasses of indecomposable objects in M (respec- 
tively, Mp, Mi). 

• For X,Y E Qo, put dxY '■— <iir<[ik{JM{X,Y)/ J^{X,Y)) and draw dxY arrows from X to 
Y. 

• Tn : Qp — Qi is given by the equivalence Tn ■ Mp ^ Mi. 

(c) Again let A be an n-complete algebra and U = Un{DK) the Sn-closure of DA. Define a weak 
translation quiver Q = (QoiQiiS^) called the Auslander-Reiten quiver ofU similarly, where we 
put Qp — Qi := Qo and we define S„ : Qo ^ Qo by the equivalence S„ :U -^U. 

For the case n — 1, the Auslander-Reiten quivers of = mod A and lA = 2?'^ (mod A) are usual one 
pOTglD^ IH]. 

In the rest, let C be either of W in Definition 16.11 By the following well-known fact, all source 
morphisms in C give the Auslander-Reiten quiver. 
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Lemma 6.2. Let X,Y gC be indecomposable objects and fo '■ X ^ Mi a source morphism. Then dxY 
is equal to the number of Y appearing in the direct sum decomposition of Mi . 

Proof. The source morphism /o : X — )■ Mi induces an isomoprhism 

Homc(Mi,r)/Jc(Mi,y) ~ Jc{X,Y)/ J^{X,Y). 

Since we assumed that k is algebraically closed, we have that dim^ (Home (Mi, y)/Jc (Mi, Y")) is equal to 
the number of Y appearing in the direct sum decomposition of Mi . Thus we have the assertion. □ 

We consider a presentation of the category C by its Auslander-Rcitcn quiver with relations. 

Definition 6.3. For a quiver Q, define an additive category P{Q) called the path category of Q as 
follows. 

• The set of indecomposable objects in P{Q) is Qq. 

• For any x,y G Qq, Homp(Q) (a;, y) is a k-vector space with the basis consisting of all paths from 
X to y in Q. 

The presentation of C can be decided similarly to algebras. By (a) below, the category C is equivalent 
to some factor category P{Q)/I of the path category P{Q) of the Auslander-Reiten quiver Q of C. By 
(b) below, the first two terms of source sequences in C describe generators of /. 

Lemma 6.4. Let Q be the Auslander-Reiten quiver of C. 

(a) Assume that we have a morphism P(a) e Jc{X,Y) for any arrow a : X ^ Y in Q, and that 
{P(a) I s(a) = X, e{a) = Y} forms a k-basis of Jc{X, F)/ J^(X, Y) for any X,Y e Qq. Then P 
extends uniquely to a full dense functor P : P{Q) — > C. 

(b) Assume that we have a full dense functor P : P{Q) — >■ C, and that any x G Qo has the source 
sequence with the first two terms 

Pix)^ P(e(a))i^^ P(e(r.,)). 

Then the kernel ofP is generated by {X^aeQi s(a)=a: ''".i^i | x € Qq, I <i < m^}. 

Proof. Since Q is locally finite and acyclic, the path category of Q coincides with its complete path 
category. We refer to tBIRSm. Prop. 3.1(b)] for (a), and to |BIRSml Prop. 3.6] for (b). □ 

If Q is the Auslander-Reiten quiver of C, then we often identify objects of C with those of P{Q), and 
we denote the image P(a) of a morphism a in P{Q) under P by the same letter a. 

6.1. Cones and cylinders of weak translation quivers. Throughout this subsection, let A be an 
n-complete algebra with the r„-closurc M = Ain{DA) = addAf of DA. We denote by Q — {Qo,Qi,Tn) 
the Auslander-Reiten quiver of A4. Then F := EndA(M) is (n-|- l)-complete by Theorem ll.141 so satisfies 
the conditions (A„+i)-(C„+i), (S„+i) and (T„+i). We denote by 

M=Mn+iiDr) and U = Un+i{DT) 

the T„-|_i-closure and the S„+i-closure of DT respectively. They are (n-|- l)-cluster tilting subcategories of 
modP and A^'^(prP) respectively by Theorem 1 1.231 The aim of this subsection is to draw the Auslander- 
Reiten quivers of J\f and U respectively by using Q. The key construction is the following. 

Definition 6.5. Let Q = {Qa,Qi,T) be a weak translation quiver in general. 

(a) We define a weak translation quiver Q' — {Q'q,Q'i,t') called the cone of Q as follows: 

• Q'o := {(xj) I X e Qo, ^ > 0, t^x ^ 0}. 

• There are the following two kinds of arrows. 

* {x,£)^ : {x,£) — )■ {tx,£ — 1) for any {x,£) £ Qq satisfying £ > 0. 

* (a, £) : (x, £) {y, £) for any arrow a : x ^ y in Q satisfying {x, £), (y, £) G Qq. 

• Q'p ■.^{{x,£)gQ'q I {x,£+1)gQ'q} andQ'j:={{x,£)&Q'Q | £ > 0}. 

• Define a bijection t' : Q'p — )■ Qj by t'{x,£) := {x,£+ 1). 

(b) We define a weak translation quiver Q" = {Qq,Qi,t") called the cylinder of Q as follows: 
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• Qo ^Qp = Q'l := Qo X Z = {{x,£) I a; e Qo, ie Z}. 

• There are the following two kinds of arrows. 

* (x,£)j^ : {x,i) — ?> {tx,£ — 1) for any {x,i) £ Qq satisfying x € Qp. 

* {a,£) : {x,£) — )■ {y,£) for any arrow a : x ^ y in Q and £ G X. 

• Define a bijection t" : Q'^ — > Qq by t"{x,£) := {x,£ + 1). 

To simplify our description of relations below, we use the following convention: When we consider the 
path category P{Q'), we regard {x,£) as a zero object if it does not belong to Qqj and regard {a,£) as a 
zero morphism if it does not belong to Q'l. We use the same convention for P{Q"). 

Example 6.6. Consider the following translation quivers, where dotted arrows indicate r. 



5 ■< 2 

X X X X 
6 •< 4 •< 1 



5 •<■ 2 

!■ ~ 3 

XXX 

4 •<■ 1 



Their cones are given by the following, which coincide with the Auslander-Reiten quivers in Section 11.11 

(2,0) 



(3,0) 

(5.0) (2,0) 
^ ^ .■■ ^ 

(6,0) \ (4,0) / (1,0) 

(2,1) 

(4.1) (1,1) 



(1,2) 

Their cylinders are given by the following. 

(3,-1) 



(6,-1) 




(1,-1) 



(5.0) 

(6,0) \ (3,0) 

^ Y ■■ 

(4,0) \/ / (1,0) 




(6,-1) 




(2,-1) 



(1,-1) 



To draw the Auslander-Reiten quivers of M and lA, we introduce some notations. We use the functor 

G := DYloiax{-,M) : modA modT. 
For any path p = ai ■ ■ ■ am in Q and £ G Z, we define a path in Q' and Q" by 

ip,£) := (ai,£)---(a,„,£). 

For any morphism r = Cpp in P{Q) with paths p in Q and Cp € k, we define a morphism in P{Q') 
and P{Q") by (r, ^) := Cp(p, For any arrow a : A ^ F in Q, we choose a morphism T~a : X ^■ 
Tj^y in P{Q) whose image under the functor P : P{Q) — > gives the image of a under the functor 

P{Q) ^ M% M. 

We have the following presentation of the category N = A^„+i(-Dr). 
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Theorem 6.7. Under the above circumstances, the Auslander-Reiten quiver of Af is given by the cone 
Q' = (Qo' Q'li'Tn+i) of the Auslander-Reiten quiver Q — {Qo, Qi, tVi) of Ad. Moreover, J\f is presented by 
the quiver Q' with relations 

• (r, i) = for any relation r = for A4 and i > 0, 

• {Y,£)^ ■ {T^a,l) = {a,i — 1) ■ {X,i)-^ for any arrow a : TnX Y in Q and £ > 0. 
Proof. For any object X ^ A4 and £ > 0, we put 

{X,£) :=r^+iGXeA/-. 

Under this notation, we have a bijection between Qq and isoclasses of indecomposable objects in J\f by 
Corollary 13. 121 Moreover Q'p (respectively, Q'j) corresponds to isoclasses of indecomposable objects in 
Afp (respectively, Afi), and the equivalence Tn+i : J\fp A/j corresponds to the bijection r' : Q'p Q'j. 
For any morphism a : X ^ Y in Ai (or an arrow a : X ^ Y in Q) and £ > 0, we define a morphism 

ia,e) := ri^.Ga : iX,£) = r^^.GX ^ {Y,£) = t^^.GY 

in M. For any object {X, £) £ J\f with £ > 0, we define a morphism 

iX,£\ Ti-\ax : iX,£) = t^^^GX (t„X,^ - 1) - <;lGr„X 

in A/". Under these notations, we shall describe all arrows and relations starting at each vertex {X, £) € Q'q. 
We divide into two cases. 

(i) Consider the case {X, £) with £ — 0. 

fo fl 

Let X ^ Ml AI2 be the first two terms of the source sequence of X in A^. By Proposition 13.191 

we have the first two terms {X,0) (Mi,0) ^^^^ {M2,0) of the source sequence of {X,0) in Af. By 
Lemma [6.21 all arrows starting at (^,0) are given by (a, 0) for each arrow a in Q starting at X. By 
Lcmma[63Kb), all relations starting at {X, 0) are given by (r, 0) = for each relation r = in starting 
at X. 

(ii) Consider the case {X,£) with ^ > 0. 

Let TnX ^ All ^ AI2 be the first two terms of the source sequence of TnX in AA. By Proposition 
13.231 we have the first two terms 

(X, £) ) {T-Aii,£) © (t„X, £ - 1) > {T-M2, £)®{Mi,£^ 1) 

of the (n + l)-almost split sequence of {X,£) in Af. By our definition of (3 in Lemma 13.221 we have 

i+\l3r„x^{X,£), and 



IPm, ^ (^^"+1'^-" ^^^^ = (^(^" ^I'^^i) : {t-Mi,£) ^ {Mi,£^ 1) ^ (r„T-Mi,^ - 1) (B{I,£~- 1) 

for a decomposition AIi ~ (T„T^Afi) 0/ with / G I(A4). By Lemma [S?^ all arrows starting at {X, 0) are 
given by {X,£)i and (a, 0) for each arrow a in Q starting at X. By Lemma r6.4l' b). all relations starting 
at {X, £) appear in equalities 

(r-/o,f) ■ {Tnfi,£) = and (^''n Mi,£)i'^ ^^.^^^^^ ^ ^^^^^ _ ^ ^^^^^^^ 

The former equality gives relations {r,£) = for each relation r = in AA starting at X. The latter one 
gives relations (Y, i)-^ ■ {T~a, £) = {a,£—l)- {X, £)^ for each arrow a : TnX F in Q. (Notice that {Y, £)i 

which does not belong to Q'l appears in the lower half of the morphism (^^" ^q^'^'^)-) 

Thus we have the desired assertions. □ 

Next we shall give a presentation of the category U — Un+i{DT). We need the following information, 
which is similar to Lemma 13.171 

Lemma 6.8. Fix an indecomposable object X E AA and £ G Z. Take a source morphism fo : X AIi 
in A4. 
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(a) Any morphism Sf^^j^GX — > ^^-^^^iGAd with i > £ is zero. 

(b) Any morphism S^_|_]^GX Sf^_^_iGM which is not a split monomorphism factors through S^^^j^G/o : 
Sl+iGX^Sf,+iGMi. 

(c) If X G Mp, then S„+iGX ~ t„-|_iGX and any morphism Sf^^j^GX — > S,\^]^GAf with i < £ 
factors through S^-\ax : Si^^GX ^ S^„-\r„+iGX ^ Sf-\Gr„X. 

(d) If X E V{A4), then any morphism Sf^_^iGX — > Sl^_^_^GAI with i < I is zero. 

Proof, (a) Since S'^-^^GM = S,\+^f ^(r[n + 1]) G 2?<-»-i holds by (S„+i), we have 

Homi,(S^+iGX, Sj,+iGM) ~ Homi, (S^+\ GX, DF) ~ L'i70(Sf,7iGX) = 0. 

(b) This is clear since the functor Sf^^j^G : — > is fully faithful. 

(c) Since GX G Np by Corollary Ellb), we have S„+iGX ~ t^+iGX by (C„+i). Applying 
we only have to show that 

DH\s'-^^^ax) ■ DH'\S'-_^^^GTr,X) ~ HomI,(Sl:^:^'Gr„X, OT) ^ Dff°(Sl+\GX) ~ Homi,(Sl+\GX, DF) 
is surjective. By Lemma 15.51 (replace n there by n + 1), this is equal to the dual of 

r„+i ax ■ T„+iGA ^ t„^;^ Gr„A. 

This is injective since ax is injective and the functor Tn+i preserves monomorphisms. 

(d) We have pd(GX)r < n by Corollary [SI2Ib). Since Sj^+^GM = S,\+\"^(r[n + 1]) G 2?<-"-i holds 
by (S„+i), we have 

Homi,(Sl+iGX,Sj,+iGM) ~ Homx,(GX, Sj^^^GAf) = 0. 

□ 

Consequently, we have the result (a) below which is an analogue of Proposition 13.181 and the result 
(b) below which is an analogue of Corollarv l3.12l 

Proposition 6.9. (a) For any object X E M and £ G Z, take a source morphism fo : X ^ Mi in 
M. 

(i) If X E V{A4), then a left almost split morphism of Sf^_^_iGX in U is given by Sf^^j^G/o : 
Sf,+iGX^Sl+iGMi. 

(ii) If X E Aip, then a left almost split morphism of S^_^iGX in U is given by 



Si^.GX ^ (Sf,+iGMi) © (Sf-\Gr„X). 



(b) A bijection from isoclasses of indecomposable objects in hi to pairs (X, £) of isoclasses of inde- 
composable objects X € Ai and £ E Z is given by Sf^^iGX -H- {X,£). 

Proof, (a) This is immediate from Lemma iG.Sf al-fd') . 

(b) Any indecomposable object in U is isomorphic to S^^j^GAT for some A G and £ G Z. If 
Sf,+iGX ~ S^'+iGA', then £ ^ £' holds by Lemma OTa). and A ~ A' holds since the functor Sf^+^G : 
A4 is fully faithful. Thus we have the desired bijection. □ 

We have the following presentation of the category U = Un+i{DT). 

Theorem 6.10. Under the above circumstances, the Auslander-Reiten quiver ofU is given by the cylinder 
Q" = (Qo, Qi , S„+i) of the Auslander-Reiten quiver Q = (QoiQijTn) of A4. Moreover, U is presented 
by the quiver Q" with relations 

• (r, £) = Q for any relation r = for Ai and £ E Ti, 

• (Y, £)-^ ■ (a, i) — for any arrow a : X ^ Y in Q with X G Q\Qp and £ G Z, 

• (y, £)-^^ ■ {T~a, i) = (a, £ — 1) ■ (A, i)^ for any arrow a : TnX -^Y in Q and G Z. 
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Proof. The proof is similar to that of Theorem 16.71 For any object X G , wc put 

Under this notation, we have a bijection between Qq and isoclasses of indecomposable objects in U by 
Proposition IG-Of b). For any morphism a : X ^ Y in Ai (or an arrow a : X ^ Y in Q) and £ > 0, we 
define a morphism 

{a,e) := Sl+iGa : {X,i) = S^^^GX ^ (YJ) = S^^.GY 
For any object {X, t) £ U, we define a morphism 

(X,4, := S'-+\ax ■■ {X,e) = Si^.GX ^ (t^XJ-I) - S^-\Gr„X 

Under these notations, we shall describe all arrows and relations starting at each vertex {X,£) G Qq. 
Since S„+i is an autoequivalence ofU, we only have to consider two cases (i) and (ii) below. 

(i) Consider the case (X, 0) with X €V{M). 

f f 

Let X -4- Ml —7- M2 be the first two terms of the source sequence of X in J^. By Proposition 16. 9f a) 
and Lemma [6.8f d). it is easily checked that the first two terms of the source sequence of (^,0) in U is 
given by 

(X, 0) (Ml, 0) ^^^^ (Af2, 0) © (r„Mi, 1). 
By Lemma iniHb), all relations starting at {X, 0) are given by equalities 

(/i,0)-(/o,0) = and (Mi, 0)^ • (/o, 0) = 0. 

The former equality gives a relation (r, 0) = for each relation r = in starting at X. The latter 
equality gives a relation (Y, 0)^ ■ (a, 0) = for each arrow a : X ^ Y in Q. 

(ii) Consider the case {X, 1) with X E J^p. 

Let TnX H Ml A A/2 be the first two terms of the source sequence of r„X in A4. By Proposition 
13.231 we have the first two terms 

{X, 1) "^""^ ) (r-Mi, 1) (r„X, 0) > (r-Afz, 1) © (Mi, 0) (24) 

of the (n + l)-almost split sequence of {X, 1) in Af. We have /3r„x = oix = {X, 1)^^ and 

Pm, ^ ("Y'O ^ (^''" ■ ^ ^ Kt-A/i,0) © (/,0) 

for a decomposition Mi ~ (T„r~A/i) © / with / G 2{A4). 

By Proposition 16.91 and jIY[ Prop. 3.9], we have that ((24)) is the first two terms of a source sequence 
of {X, 1) also in U. By Lemma l^^ bl . all relations starting at {X, 1) are given by equalities 

{r-fo, 1) • (r-/i, 1) - and l^^"'" ^^^^ • (t,7/o, 1) = (/o,0) • {X, 1),. 

The former equality gives a relation (r, 1) = for each relation r = in starting at X. The latter one 
gives a relation {Y, 1)^ ■ (r'a, 1) = (a, 0) • (AT, 1)^ for each arrow a : TnX — > F in Q. □ 

6.2. Examples. Throughout this subsection, let Q — {Qo,Qi) be a Dynkin quiver and A(i) := kQ the 
path algebra of Q. Let n > 1. By CoroUarv I1.16[ we have an n-complete algebra A*^"^ with the cone 
A("+i) for any n > 1. We denote by 

A/((") :=X„(i:)A(")) and -.^ Un{DA^"'>) 

the r„-closure and the S„-closure of DA'"^ respectively. They are n-cluster tilting subcategories of 
mod A'"^ and K.^ (pr A^"^ ) respectively. Let us draw the Auslander-Reiten quivers of A/((") and W'"'. As 
usual, we denote by t = ri : modA*^^^ — J> modA*^^) the Auslander-Reiten translation of A^^^^. Let Ix be 
the indecomposable injective A^^^-module corresponding to the vertex x G Qo and 

4 := sup{^ > I ^ 0}. 
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Since Q is a Dynkin quiver, we have < oo for any x G Qq. For ^ £ Z, wc put 

For 1 < z < n, we put 

e, := (O,--- , ,1, ,0) e Z" and -y, := ' 



e,;_i — e,; 1 < i < n. 
Definition 6.11. Let Q be a Dynkin quiver and n > 1. 

(a) We define a weak translation quiver Q*^"-* — (Qo""*, Qi""*, t„) as follows: 

. q[,") :={{x,e) I xGOo, A^;;)}. 

are the following + 1) kinds of arrows if their start and end vertices belong to Qq \ 

* {a*,£) : {x,£) — {w,£) for any arrow a : w ^ x in Q. 

* (6, £) : {x, £) — !> {y,£ + Vi) for any arrow b : x y in Q. 

* {x, £)i : {x, £) {x,£ + Vi) for any 1 < i < n. 

• Q^p^ :={(x,£)eg[,"^| {x,£ + en)eQi"'>} and Q^^ := {(a;, e g[,") | (x, ^ - e„) G g[,"^}. 

• Define a bisection Tn : Qp'"'' — ^ Qj"^ &?/ Tn{x,£) := (x,^ + e„). 

(b) We define a weak translation quiver Q(«) = (Q^"\q1"\s„) as follows: 

• There are the following (n + 1) kinds of arrows if their start and end vertices belong to Qg"'' . 

* {a*,£) : {x,£) — >■ {w,£) for any arrow a : vj ^ x in Q. 

* (6, £) : {x, £) — ?> {y,£ + Vi) for any arrow b : x y in Q. 

* {x, £)i : (x, £) -> {x,£ + Vi) for any 1 < i < n. 

• Define a bijection S„ : Qq"-* Qq"-* by Sn{x,£) :— {x,£ + e„). 

To simplify our description of relations below, we use the following convention: When we consider the 
path category we regard {x^£) as a zero object if it does not belong to Q^^\ and regard {a*,£), 

e.t.c. as a zero morphism if it does not belong to Q^"''. We use the same convention for P{Q^'^^). 

Now we have the presentations of A^^") and Z//*^"^ as follows. 

Theorem 6.12. Under the above circumstances, we have the following assertions. 

(a) The Auslander-Reiten quivers o/A^^"-* andU^"^^ are given by Q^"^ and Q^"-* respectively. 

(b) The categories M.'^^^^ andlA'^^^^ are presented by quivers Q^"^^ and Q^^^^ with the following relations 
respectively: For any £ £ Z" and 1 < i, j < n, 

{w,£)i ■ {a*,£) = {a*,£ + Vi) ■ {x,£)i for any arrow a : w ^ x in Q, 

(y, £ + Vi)i ■ {b, £) = {b,£ + Vi) ■ {x, £)i for any arrow b : x y in Q, 

{x,£ + Vj)i ■ {x,£)j ^ {x,£ + Vi)j ■ {x,£)i for any x G Qq, 

{a,£) ■ {a*,£) ^ ^ {b* ,€ + Vi) ■ {b,£) for any x e Qq. 

aGQi, e{a)—x fofzQi, s{b)—x 

We have the quiver with relations of A'^"^^^ by taking the opposite of those of A^'^"^ for any n> 1. 

Proof. It is well known that the assertions are valid for n = 1 jH]. 

Clearly 0(") and Q(") are the cone and the cylinder of Q^" respectively under the following iden- 
tifications for X S Qo, a G Qi and £ £ Z"~^ and 

{x,£,£„) ^ {{xj),in), {a,£,in) ^ {{a,£),in), 

{{x,£).„en) l<i<n, 



{a\£Jn) W ((a*,^),C), {x,£,^n)^ 

;cked that our relations for Q^") and Q'' 
applying Theorems 16.71 and 16.101 respectively. Thus the assertion follows inductively. □ 



{{x,£),ln)i i = n. 

It is easily checked that our relations for Q^") and Q''"'' are obtained from our relations of Q^""^^ by 
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Example 6.13. For simplicity, we denote by 

x£i ■ ■ ■ In (respectively, xii • • • ■ • • £„, a*£i ■ ■ ■ In, Mi ■ ■ ■ £n) 



the vertex {x,£) e Qg"^ (respectively, the arrow (a;,£),j, {a*,£), (6,€) G Ql"') for £ = (^i, • • • 

(a) Let Q be the quiver i 2 — 3 — 4 of type A^. In this case we have A^") — T^^^\k) 
Theorem 1 1.1 81 Then the Auslander-Reiten quiver of A^*-^-* is the following. 



in). 



The Auslander-Reiten quiver of A^^^^ is the foUowing. 




The Auslander-Reiten quiver of Ai^^"* is the following. 



4000 

3100 3000 

2200 \ 2100 2000 
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On the other hand, the Auslander-Reiten quiver of U^^^ is the following. 



41 40 4-1 

:^ x:" >^ 




13 12 11 10 



The Auslander-Reiten quiver of U^"^^ is the following. 




132 122 112 102 



The Auslander-Reiten quiver of U^^^ is the following. 



4000 

3100 3000 




1032 
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a c 



(b) Let Q be the quiver 




of type D4. The Auslander-Reiten quiver of A^(i) is the 



following. 




42 41 40 



The Auslander-Reiten quiver of A^'^'^' is the following. 
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The Auslander-Reiten quiver of A^'^'^^ is the following. 



2200 2100 2000 
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